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Form factors of SU{N) invariant Thirring model 


Yoshihiro Takeyama^ 

Research Institute for Mathematical Sciences, Kyoto University, Kyoto 6068502, Japan 


Abstract. We obtain a new integral formula for solutions of the rational quantum 
Knizhnik-Zamolodchikov equation associated with Lie algebra sl^ at level zero. Our 
formula contains the integral representation of form factors of SU{N) invariant Thirring 
model constructed by F. Smirnov. We write down recurrence relations arising from the 
construction of the form factors. We check that the recurrence relations hold for the 
form factors of the energy momentum tensor. 
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1 Introduction 


In this paper we study solutions of the quantum Knizhnik-Zamolodchikov (qKZ) equation 
satished by form factors of the SU{N) invariant Thirring model {SU{N) ITM), and give 
recurrence relations for the solutions to be form factors of SU{N) ITM. 

In the study of integrable quantum held theories it is an important problem to determine all 
local operators in the theory. To study this problem the form factor bootstrap approach is an 
appropriate method. The form factors of a local operator O are functions ■ ■ ■, Pn)}n 

satisfying certain axioms written by certain difference equations and recurrence relations. 
Thus the problem of determining all local operators is reduced to giving all the solutions to 
the equations. 

In this paper we consider the SU{N) ITM. Form factors of some local operators in this 
model constructed by Smirnov are not sufficient in order to determine all local operators. 
To construct a large family of form factors one of suitable methods is to use the hypergeometric 
solutions of the qKZ equation ||TV1| , [rV2| , |NP'1]| . 

Now let us recall some results in [NT| for form factors in the N = 2 case. In ||NT]] suffi¬ 
ciently many form factors have been constructed for the SU{2) ITM using the hypergeometric 
solutions as follows. Form factors {/(/3i, • • ■, Pn)} of SU{2) ITM are functions taking values 
in the tensor product of the n-copies of the vector representation V of SU{2), and they satisfy 
the following axioms: 

(I) - /?,+i)/(- ■ •, ■•■) = /(•■■, Pj+i, Pj, ■ • 

(II) ■ ■ ■ Pi,2/(/9i - 2m, /?2, • ■ ■ , Pn) = (-1)-5/(/?2, ■■■,Pn, Pi), 

(III) 27ri res/3„=^^_^ +7Tif{Pl,---,Pn) 

= (-f ~ (~1) ^ ^Sn-l,n-2(Pn-l ~ Pn- 2 ) ' ' ' Sn-l,l{Pn-l ~ Pi)) {f{Pl, ' ' ' , Pn- 2 ) ® Bq), 

where S{P) is the S'-matrix of the model, Pij is the permutation of the i-th and j-th com¬ 
ponents and Bq is the suitably normalized s /2 singlet vector in A family of solutions to 
(I), (II) and (III) is constructed in the following way. First we note that (I) and (II) imply 
the following system of difference equations: 

f{pi, ■■■,Pj- 2m, ■■■,(3^) = {-l)-"^ Sj^j-i{pj - pj-i - 2m) ■ ■ ■ Sj^PPj - pi- 2m) 

X Sj^niPj - Pn)--- Sj,j+l{pj - Pj+l)f{Pl, ■■■,pj,---,pn). 


This is nothing but the qKZ equation associated with s /2 at level zero. In |[NP'I]| , the integral 
formulae for solutions of the qKZ equation were given. These solutions take values in the space 
of singular vectors of s/ 2 . Moreover these solutions span the subspace of singular vectors over 
the field of appropriate periodic functions 0]- Any solution is obtained by applying s /2 
successively to these solutions. Thus we have the complete description of the solutions of the 
s /2 qKZ equation at level zero. Next let us consider the axiom (III). In the hypergeometric 
description a solution of (I) and (II) is specihed by a certain function P„ called deformed cycle 
|[S2|| (or “p-function” in ||BK|| ). Then the axiom (III) is derived from a recurrence relation 
for Pn and Pn- 2 - Each local operator corresponds to a sequence of deformed cycles {Pn}n 
satisfying this recurrence relation. A large family of solutions to the recurrence relation has 
been constructed extending Smirnov’s construction of the chargeless (or weight zero) local 


2 























operators for the sine-Gordon model m- This construction was extended to charged local 
operators and a new abelian symmetry was found 


In this paper we consider form factors in the SU{N) ITM. The form factors of a local 
operator O are functions • • • ,/3„)} such that 

where is the Z-th fundamental representation of SU{N). Now let us recall the axioms 


satisfied by form factors of SU{N) ITM [|^ 


(II) - 2m, P 2 , ■■■,Pn) = • • • ,/3., A), 

(III) 2m res/3„=/3„_i+^i/(^i’-’'")(/?i, ■ ■ ■, pn) 

= (^I + e —+ _ p^_2) ■ ■ ■ - Pl)^ 

X ■ ■ •, Pn- 2 ) ® eo, 

where (P) is the S'-matrix acting on ® and eg is the suitably normalized singlet 
vector in Moreover, they satisfy a number of formulae for residues corresponding 

to bound states. The most fundamental one is the following. If In-i + In < N the residue of 
• • •, /3„) at = Pn-i + is given by 

(IV) ■■■,&) = ■ ■./3„-2,/3„-i + ^). 

where a^,// is a certain constant. In ||S1|| the form factors of some local operators are constructed. 

We study the problem to give the solutions of (I)-(IV) in a similar approach to the case of 
N = 2. Again the hrst step is to solve the qKZ equation derived from (I) and (II); 

.. ^pj -2m,---,pn) = e~^^'’^P^Sjj_i{pj - Pj-i - 2m) ■ ■ ■ Sj^iipj - pi -2m) 
X Sj,n{Pj -Pn)--- Sj,j+l{pj - pj+l)f^^^’"''^^\pl, ■■■,pj,---,pn). 

However, it is difficult to construct solutions of the qKZ equation above for general Zi, ■ • •, Z„. 
Some representations of solutions were constructed in |[rV3| , [BKZ|| in terms of Jackson inte¬ 
grals, that is, formal infinite sums. It seems difficult to prove the convergence of these sums. 
In this paper we give a new integral formula for solutions of the qKZ equation taking values 
in the product of the vector representations, that is , Zi = • ■ ■ = Z^, = 1, and consider the form 
factors of type 

(A, • • • , Pn-k, Pn-k+l) e ® 


associated with chargeless local operators. The conditions (I)-(IV) are closed conditions among 
these functions. In fact we suppose that ■ ■ ■, Pn) is a form factor. Then, by taking 

the residue as in the axiom (IV) successively, we obtain form factors • • •, Pn-k+i), 

{k = 2, - ■ ■ ,N — 1). At last, we obtain a form factor /^^’'"’^^Pi, • • •, Pn-N) from py 

the axiom (III). In this way the form factor on (1/*^^^)®*^"’“^^ is given by one on (V^^i)®”. More¬ 
over we consider form factors of chargeless local operators. Then form factors are of weight 
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zero, and hence the nnmber of the components of the tensor product that , Pn) 

takes values in is a multiple of N, say n = mN. Then the axioms imply some relation between 
fm ■= ■■■,Pn) and fm-i := ■ • •,/3n_Ar). We write down this relation by 

using our integral formula for solutions of the qKZ equation taking values in the product of 
the vector representations. As a result we get recurrence relations as in the case of = 2. 

First we start from a certain integral formula for solutions on the tensor product of the 
vector representations, that is, This integral formula is obtained as the limit g —1 of 

the hypergeometric solutions of the trigonometric qKZ equation associated with the quantum 
affine algebra Uq{slN) at |g| = 1, which was constructed in |[M'F'r|| . In ||M'r'f]| it is proved 


that, if the parameters in the qKZ equation are generic, the set of the solutions become a 
basis of the weight subspace that the solutions take values in. Nevertheless, in the case of 
> 2, it is not easy to calculate the residues of solutions in the axioms (III) and (IV) from 
this integral formula. One reason for this is that this integral formula contains much more 
integrations than the integral representation of form factors of SU{N) ITM constructed by 
Smirnov. In order to avoid this difficulty we simplify the integral formula in the following 
way. The integral formula for solutions of the sl^ qKZ equation at level zero contains as the 
integrand solutions of the s/at-i qKZ equation at level one. Substituting the sl^^i part with 
a special solution, we get a simplified integral formula for solutions of the sl^ qKZ equation 
at level zero. The method above of rewriting the integral formula was used by A. Nakayashiki 
in the case of the differential KZ equation . 


The special solution mentioned above of the sIn-i qKZ equation is obtained as the limit 
g — > 1 of a solution of the trigonometric qKZ equation associated with [/^(s/tv-i) at \q\ < 1- 
The highest-to-highest matrix element of the product of intertwining operators 

(Ai|$(^i) ■ ■ ■<F(^£)|Ai) = ^ (Ai|$^^(2ri) ■ ■ ■ <F£^(2r£)|Ai)n^^ ® ® 




satisfies the qKZ equation |[FR|| . In the case that representations are at level one, we can 
calculate this matrix element by using the bosonization of intertwining operators |^. The 
coefficients in this matrix element are given by some integral formulae. However, the coeffi¬ 
cients in the rhs above are determined from functional relations arising from the commutation 

DO|| and the coefficient of the extremal component calcu- 
We choose the limit g —1 of this solution as the special solution of 


relation of intertwining operators 


lated explicitly in ||^ 
the rational sIn-i qKZ equation at level one. 

Note that we can get a certain integral formula for solutions of the qKZ equation by gener¬ 
alizing suitably the integral representation of form factors constructed by Smirnov. We show 
that this integral formula is obtained from our simplified integral formula in the following way. 
The simplihed integral formula still contains one more integration than Smirnov’s formula. 
However, we can carry out one-time integration of the simplified integral formula in a similar 
way to the case of s /2 [|NPT|| . After this integration, Smirnov’s formula is obtained. 

Now let us return to the construction of form factors {fm}- The solutions of the qKZ 
equation given by the simplified integral formula are parameterized by functions called de¬ 
formed cycles as in the case of V = 2. Fix m and let Pm be the deformed cycle associated 
with fm- By calculating the dimension of the space of deformed cycles, we can find that the 
space spanned by these solutions is quite smaller than the weight subspace of weight zero (See 
for a similar argument in the case of the differential KZ equation). Hence, even if fm is 
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given in terms of the simplified integral formula, the form factor fm-i, which is obtained by 
calculating residues of fm successively, may not be represented by the simplihed integral for¬ 
mula. However, under some conditions for the deformed cycle Pm, the form factor fm-i is also 
given in terms of the simplified integral formula. Then we obtain recurrence relations for Pm 
and Pm-i (see Proposition]^), where Pm-i is the deformed cycle associated with fm-i- We 
check that the recurrence relations hold for the form factors of the energy momentum tensor 

m 


presented by Smirnov 


It is still an open problem to construct solutions of the recurrence 


relations different from the deformed cycles associated with the form factors constructed by 
Smirnov. 

The plan of this paper is as follows. In Section 2 we give the qKZ equation studied in 
this paper. The integral formula obtained by taking the limit g ^ 1 of the hypergeometric 
solutions of the Ug{slN) qKZ equation at |g| = 1 is given in Section 3. In Section 4 we construct 
a special solution of the sl^-i qKZ equation at level one. By using this special solution we 
rewrite the integral formula obtained in Section 3 and get the simplihed integral formula for 
the sljsf qKZ equation in Section 5. In Section 6 we see that the formula in Section 5 contains 
Smirnov’s formula. We study form factors of SU{N) ITM in Section 7 by using the simplihed 
integral formula and write down recurrence relations for deformed cycles. We check that the 
deformed cycle associated with the energy momentum tensor satishes the recurrence relations. 
In Section 8 we give some supplements about the special solution in Section 4 and proofs of 
lemmas and propositions in the previous sections. 
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2 The qKZ equation 

Let Vn ■= Vj be the vector representation of sljy with the highest weight vector vq. 

We denote by i?(/3) the rational i?-matrix given by 

■= ^ Etid((VV)®"). (2.1) 

Here h is a nonzero complex number and P is the permutation operator: P{u ^v) := v ^u. 
Fix a nonzero complex number p. We consider the (rational) qKZ equation: 

{j = ( 2 . 2 ) 

where 


■ ■ ■ 5 /3n) Rj,j-i{.Pj ~ (^j-i + p) ■ ■ ■ ~ Pi P v) 

X Rj,n{Pj ~ Pn) ■ ■ ■ Rj,j+l{Pj ~ Pj+l)- (2-3) 
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Here 'ip is a valued unknown function and Rij{l3) is the operator acting on the tensor 

product of i-th and j-th components as R{13). The number —N + p/h is called the level of 
this qKZ equation. 

Let Cfc be the generator of sIn associated with the simple root au- The action of Cfc on Vn 
is given by ekVj = Sk,jVj-i. 

In the following, we consider the qKZ equation at level zero, that is, the case of 

p = Nh (2.4) 

and solutions of (|2.2|) satisfying the highest weight condition: 

n 

• • • ,/3„) = 0, where ^ 1 ® • • • 8)® ® 1, (fc = 1, • • •, - 1). (2.5) 

i=i 


Hereafter we assume that Imh < 0. 


3 General solution at level zero 

Let us write down an integral formula for solutions of (|2.2| ). We can obtain this formula by 
taking the limit g —1 of solutions to the qKZ equation associated with Uq{sl]s[) at |g| = 1 

PTI| . 

First we introduce some notations. For non-negative integers z/i, • • •, un-i satisfying 


Uq := n ^ Ui ^ ^ Vn-i ^ ■= 0, 

we denote by n-tuples J = (Ji, • • •, J„) G (Z^o)"" such that 

Jr > j] = l^j- 

For J = (Ji, • • •, Jn) e we set 

uj := uji ® • • • 0 vj^ e (Viv)®”. 

We set 

:= {r; Jr ^ j} 

and define integers (0 ^ j ^ iV — 1,1 ^ m ^ i/^) by 

= (ki- ■ ■ ■ • ’•y}' hi < ■ ■ ■ < ‘’’U- 


(3.1) 


(3.2) 


(3.3) 


(3.4) 


(3.5) 


Note that = m. For example, for J = (1, 2, 0,1, 0, 2) G ^ 4 , 2 , we have A/”/ = {1,2,4, 6} 
and M 2 = (2, 6}. 

For J G we define sets M/, (A; = 1, • • • V — 1) as follows. The set satisfies 


Mi C (1, 2, • • •, Uk-i}, i^Mi = Uk. 


(3.6) 
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The elements of M/ := < ■ ■ ■ < are defined by the following 

rule: 


r 


j 

k,j 


= r 


j 

k—l,m 


J • 

k,j 


(3.7) 


For example, for J = (1, 2, 0,1, 0, 2) G ^ 4 , 2 , we have M/ = {1, 2,4, 6} and M/ = {2,4}. 

Let us introduce some functions. For a subset K = {ki, ■ ■ ■ ,ki} C {1, • • •, m}, {ki < ■ ■ ■ < 
ki), we dehne the rational function gx and the trigonometric function Px by 


gx{ti,---,ti\zi,---,Zm) - n n (ta-h-h), (3.8) 

1 \ ^ka -1 '^7 / 1^ 

a=l \ “ j=l / l^a<b^l 


27r'i i 

Piv(e-*S-- 

27ri 1 277^ 

■ ■ ,e p 76 p \ ■ 

....¥-):=n| 

/ka — l 

na- 

m \ 



a=l 

\i=i 

i = ZCa + l / 


(3.9) 


Introduce a set of variables (1 ^ J ^ — 1, 1 ^ "nr ^ z/j). For J G we set 




(TV) 


^AT-l 


({7i,m}|/7i, • • •, /7n) Skew7v-i o ■ ■ ■ o Skewi n fi'TU^ ({7fc,rrt} I {7fc-l,m'}) j i (3.10) 


.fc=l 


where 70 ,m := [3m and the operator Skew?; is the skew-symmetrization with respect to the 
variables 7 A:,m, (1 ^ ^ z/^): 


SkewfcX( 7 fc,i,---, 7 fc,^J ;= ^ (sgna)X( 7 fc,^(i), • • •, 7 fc,„(^,)). (3.11) 


T&S, 


Next we set 


'^k 


N-l 

P^({e^T'7.™}|e^^i,---,e^^") := JJ }), (3.12) 


k=l 


and define the space by 

■= ^ CPj. 


(3.13) 


Jez, 




For J G and P G we dehne a function Ij[P] = Ij[P]{[3i, ■ ■ ■, Pn) by 


Ij[P] ■■= 


^N-l „ \ AT-l 

nn/ \ ^0({7A:,m} I {7fc-l,m'}) (/?({7fc,m}) 

T=1 m=l -^^3 ) k=l 


(3.14) 


= i m= 


TV-1 


X uThwitfJ) n 




e p 


7 



where 


I m 

a=l j=l 





tb — I 

p ) 


(3.15) 

(3.16) 


The contour Cj for 7 j,m 5 (1 ^ m ^ z/j) is a deformation of the real axis (—cxo, cxo) such that 
the poles at 


+ h - pZ^o, (1 ^ m' ^ z/j_i), 7 j-a - h - pZ^o, (a 7^ m) (3.17) 

are above Cj and the poles at 

7i-i,m' + (1 ^ m' ^ z/j_i), 7j,a + h + pZ^o, (a 7^ "i) (3.18) 


are below Cj. These conditions are not compatible if all the poles really exist. However, we 
can dehne Ij[Pj'] for each Pji G Vui,-,un-i because Pj' has zeroes at some points of ( |3.17|) 
and ( p.l8|) , and we can deform the real axis such that the conditions above are satished 
for the actual poles of the integrand of (|3.14|) . Then we dehne Ij[P] for P G Pui,-,vm-i = 

^ linear combination of Ij[Pj'] (See ||MT'1]| for details). 

Set 


J )• —1 


(3.19) 


Theorem 3.1 // z/i, • • •, vn-i satisfy 

h'j_i + z/j+i ^ 2z/j, for all j = 1, • ■ ■, iV — 1, 


(3.20) 


then the integral ^3.14 ) converges and ipp is a solution of the gKZ eguation satisfying 

the highest weight condition (\2.^ . 

Remark. In the case of iV = 2, (p.lOD is nothing but the integral formula for solutions of the 
sl 2 qKZ equation at level zero constructed in ||NPT] . 


Proof. The convergence of the integral (p.l4|) under the condition (|3.2(]|) can be proved in a 


similar way to the proof of Proposition 2 in |[MT 
Set 


R{P)%, ® »’ea = ® "4' 


(3.21) 


f' f' 


For J G we abbreviate wi^L,j„({7i,m}|/3i, • • •,/^n) to wji,...,j„(/3i, • • •,/?„), and we 

write down dependence on /3i, • • •, of the integrand and P in Ij[P] as follows: 


Ij[P] = J(n;j,,..,j„(A, ■••,/?„), P(A, ■••,/?.)). 


(3.22) 





























Then we can show the following formulae in the same way as the proof of Lemma 1 and 


Lemma 3 in MT 


+ l (/^l 1 ' ' ' 1 /^fc +1 1 Pk: ■ ■ ■ ) Pn) 

= ^2 Pk+i)jl]j'l'llwji,---,j'i^,j'^^^,---,jAPir--,Pk,Pk+ir--:Pn), (3.23) 


J' 7' 


Ii'^Jn,Ji,---,Jn-liPni Pli ' ' ' 1 Pn-l): P{Pli ' ' ' i /^n)) |/ 3 „—>^„+p 
= • • • , Pn- 1 , Pn), P{Pl, • • • , Pn))- 

It is easy to see that pp is a solution of the qKZ equation from ( p.23|) and (|3.24|) . 
Let us prove that pp satisfies the highest weight condition. Note that 


(3.24) 


/ 


Ekpp — 


E 


J'GZ, 










Vjf 


(3.25) 




Hence it suffices to prove that 




(3.26) 


J'. = k-1 
J 


for J G 

First we prove (|3.26|) in the case of iV = 3. The proof for the highest weight condition 
with k = 2, that is, E 2 pp = 0, is similar to the proof for the case of s /2 in [[NPT |. Let us 
prove the case of = 3 and k = 1. 

In this proof we set 71 ,a =: eta and 72 ,™ =: 7 m and 

®({7m}|{aa}|{^j}) := JJ [p{{lk,rn}\{lk-l,rn})^{{'lk,rn})\\ sh— (7fc,m “ 7fc,m' “ /i) ) (3.27) 


k=l 




p 


for simplicity’s sake. Then the following equality holds. 

Lemma 3.2 




//Wj, — Skewf ({aa} 27 a 7 !/i |{/3j})fi'jvr/'({ 7 m}|{n^a} 27 a 7 i/i) (3.28) 


X 


1 V2 n ^ 

n(“-s) n - n n(“-“•+'*))) ■ 


ka=2 


. ym. ^1 Pj 

m=l ?=1 a =2 


Here J' = (J(, • • •, J'P) G and Skew is the skew-symmetrizations with respect to 

7 i, • • • ,7i.i and Oi, 


9 




















This lemma is proved in Section |0 . 
From Lemma p.2|, we have 


n / v\ „ V2 „ 

n/ <*“<. 11 / 

0=i \a=l“'C'l m=l“'‘^2 


dim <^>({7m}|{«a}|{/5i}) 


(3.29) 


X (therhsof (3.28))- 


P({e 


27ri 2771 ^ ^ ^ 

e~ “}) 


l'n ’^2 n ^^(7m-aa)N T-rri. 


Note that 


$ 


oi^ai+p 


$ 


n 


nil 

ai - (3j - h dX im-c^i-p 


Qfi - 13. 


n 


I fc 

(y.\ — Ti 


^ m=l 


In 


n 


ai — h — p ai — aa — h + p 


(3.30) 


Hence the integration in (|3.29|) with respect to ai is given by 

^ ^ I'l 122 

)dai^{{lm}\oii\{j3j}) ]^(ai - Oa - ^) 

a= 

P({e^7i.m}) 


Im ^ 


E=1 mX O'm-tti 


X 


n:;=i(i-e 




n;Li(i-e 




(3.31) 


It is easy to see that the contour Ci can be deformed to Ci+ p without crossing the poles of 
the integrand in ( |3.31|) . Hence ( |3.31|) equals zero, and this completes the proof for the case of 
N = 3 and k = 1. 

The proof for the cases > 3 is similar. The case of k = N — 1 can be proved in a similar 
manner to the proof for the s /2 case in [ NPT |, and the other case can be proved from Lemma 
and the calculation ( |3.31|) for f3j = ik-ij, ota = Ik,a and 7 ^ = lk+i,m- □ 

Now let us see that the formula ( p.l4|) contains as the integrand the integral representation 
of solutions to the s/tv-i qKZ equation at level one. Set := 71 ^^ and I := vi. Let us consider 
/ j[P], where P G Pux,-,um-i is in the following form: 


We write down the skew-symmetrization in with respect to tta’s. Then we get 


(3.32) 


(nXd-) 


0 ({«a}|{^j})</2({aJ) 




X 5^(sgna)(7^.(K(,)}|{/3,})jf [P](K}) 

lla=l 117 = 1V-*- 


a-eSe 


(3.33) 

Pi({e^““}|{e^^^}). 


The notation in the above formula is as follows. For J = (Ji, • ■ ■, J„) G 2i,u2,--,UN-n define 

J • * * * 7 J ^ ^u 2 ,---,i 2 n—i 


Ja • >T./ 1- 


(3.34) 
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In other words, J is obtained by picking up non-zero components of J = (Ji,---, J„) and 
adding (—1) to each component. For example, for J = (1, 2, 0,1, 0, 2) G ^ 4 , 2 , we have J = 
(0,1, 0,1) G Z 2 . For J = (Ji, ■ ■ ■, Ji) G define sets M/, (A; = 1, • • •, iV — 2) in 


the same way as (^) and the function from M/’s. Then we set 




t'N-l Vk p \ N -1 

I I I I / d')k,m I I I (0({7fc,m} I 9^({7fc,m}) 
k=2 m=l JCk J k=2 ^ 


X ^\{lk,m}k-^2\{aa(a)}) n 


^k =2 m= 
N-1 


(3.35) 


k=2 


Ul<ia<b^uk Sh7(7fc,a - 7k,b - h) 




Set 


vj:=vj^Z---® vj^ G (Viv-i)®^. (3.36) 

and 

V5p(ai, •••,«£) := ^ l''f\P]{ai,-■ ■ ,ai)vj. (3.37) 

Recall that p = Nh. Then we see that 'ipp is a solution of the qKZ equation associated with 
sIn -1 at level —{N — 1) +p/h= 1 satisfying the highest weight condition. In the next section 
we construct a special solution to this sln-i qKZ eqaution at level one without any integration. 


4 Special solution at level one 

In the following we £x a positive integer m and assume that 

= {N - j)m, (0 ^ j ^ V), (4.1) 

that is, we consider singlet solutions in at level zero. 

Let us construct a special solution of the qKZ equation associated with sl^-i at level one. 
Note that i = ui = {N — l)m. 

Lemma 4.1 There exists a set of rational functions , <a£)}(ei,--,e^)G.E(jv_ 2 )™ ... 2 m m 

uniquely determined by the following conditions: 


■ ■ 5 Oip^i, Clp, ■ ■ ■) 


, a£_i, ai — Nh) 


(y.p ctp+i 


; Clp-i 0!p+li ' ' ') 


Olp — CTp+l + h 

^ zH- -,ep^i,ep,---{' ■ ■ ) Clp: 0!p+ly ' ' ')i ( 4 - 2 ) 


Odp — Oipj^\ “h ft 


i-1 


n a^_a, + {N- "1’ • ■ ■ ’ «^-i)-(4-3) 


Moreover, 


H, 


o-o 


1- ■ ■ l--- {N -2)---(N - 2){0ii, • • • , ai) — 


1 


an 


ab — h 


(ea<ei) 


(4.4) 
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Remark. From (|4.2| ) and (f4.4|) , it is easy to see that 


(o^a (yjy fl) ‘ ‘ 


(4.5) 


is a polynomial in cxi, • • •, of order less than or eqnal to m — 1 in each variable. 


In the following we constrnct from a solntion of the qKZ eqnation associated 

with f/q(s/ 7 v-i) with 0 < g < 1 at level one. 

Let Aj, (0 ^ ^ — 2) be the fnndamental weights of s/at-i and V{Ai) the level one 

irredncible highest weight Ug{slp^_i) module with the highest weight Aj and the highest weight 
vector |Aj). Then there exist the type I intertwining operators |pO||: 


i®(j) : l/(A.+i) r(Aj) 0 V, i>«(z)|Ai+i) = |Ai) 0 !.j + 


(4.6) 


where 14 is the homogeneous evaluation module associated with the vector representation 
hjv-i- 
Set 




A, : = 


(Aj + 2p|A4 
2iV ^ 


and 


G{zi, ■■■,ze) := (Ai|<h( 2 :i) ■ ■ ■ <h( 2 :£)|Aj) e 14i ® • • • <2 
Then G satisfies the (trigonometric) qKZ equation at level one |Fn 




(4.7) 


(4.8) 


G{zi, • • •, q'^^Zj, ■■■,ze) = Rlj_^{q‘^^Zj/zj-i) ■ ■ ■ Rl^{q‘^^ Zj / Zi) ■ {q ^4^ 

X ■ ■ ■ (^I+i,i(4+i/4))~^ <^(2^1^ ■ ■ •, , ze). (4.9) 

Here R'^{z) is the trigonometric i?-matrix given by 


R‘^{z) = gjv-i 


Now we set 




(z;9"i''-‘')oo(9™-=j;9=<"-'>)c 


-R'^{z), R'^{z){vo<^vo) =vo<^vo. (4.10) 




a=l 


l<a<6<£ 


(g 2 ^ 6 /^a;g 2 A-i))^ 


-Gizi,---,ze). (4.11) 


From the commutation relation 
<l>(z2)<h(^i) 


(4.12) 


A —-\q^^^-^h2/z^-, q^^^-^^)oo{q^z^/z2-, 


^2 


(qAN-i)z^/z2; q^''^-^'>)oo{q^Z2/zi] g2(^-i))^ 


-/24zi/z2)<h(zi)<F(z2), 
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we find 


■Pp,p+i-R^(^p/ ^p+i)(^' • • , Zp, Zp-^-l, ■ ■ ■) H^(y' • • , Zp-|-i, Zp, ■ ■ ■)• 

Expand H'^ as 


(4.13) 


(4.14) 




From (|4.9|) and ( [4.13[) , we have 


e-i 


■■■,ze-i,q ^^ze) = JJ 




a=l 


ze-q 


where ctv/ is a certain constant. 


The extremal component is calculated in |N2 


h: 


-2)---{N -2) 


e , (i+l)m 

d “ Iv^T) h + 2) + jvhi 


=n^« 

a=l 


m m 


n=«Ti 

a=l a<b 

(ea<ei,) 


2;a - q^Zb 


(4.16) 


Now we consider the scaling limit of as 


g = e^2, Za = e^°‘\ 


A —>• cxo. 


Then R{z) goes to the rational i?-matrix (|2.1| ) 
Set 


{i — rrL)i 


•■■,«£):= lim A 2 [zi, ■■■,Zi). 

A —^00 


(4.17) 


(4.18) 


It is easy to see that satishes ( |4.2|) , (|4.3|) and from (|4.13|) , (|4.15|) and (|4.16|) , 

respectively. 


Remark. We have a more explicit formula for the scaling limit of H‘^. See Proposition 

By using ... we have a special solution of the qKZ equation at level one. 

Proposition 4.2 Set 






n ' 

l^a<b^£ 


p^ aa-a 6 +/i, ^ 


[ 


I ^ ^ .^ei (^1 7 " * * 7 


(4.19) 


Uei ® ® n, 




Then 'ip a solution of the qKZ equation ^2.^) associated with sIn-i at level one satisfying 
the highest weight condition. 


Proof. It is easy to see that "0 is a solution of the qKZ equation from (|4.2|) and ( |4.3|) . The 
highest weight condition is proved in Section ^.1|. □ 
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5 Simplified integral formula at level zero 


By using the special solution ([4.191) , we can find a simpler integral formula in the case of level 
zero as follows. 

Suppose that there exists P G V[N- 2 )m,---, 2 m,m such that 


/f)[P](ai, •••,«,)= n 


^ (Oa - ab- h) ) Hj{ai, ■ ■■ ,ai) 




r( 


aa-oj^+h\ 


(5.1) 


for all J G lu the following we omit P and abbreviate I^^\P] to In order 

to rewrite (|3.33|) using Hjm, we need a formula for for any a G Si. This formula is given 
by 


n 


■ p/ gq— 

-ab-h)\ T^(Pj-), for all a G Si, 


l^a<b^£ 

where is the permutation of variables defined by 

(ctl , ' ’ ’ 1 ^ •) * * " 5 ^cr(£)) 


(5.2) 


(5.3) 


for a function X. 

We can see ( |5.2|) by induction on the length of a. In the case of a = id, (|5.2|) is nothing 


but (b-ip. Assume that 


holds for a G Si. Set r := (fc, A) + 1) G Si. From (|3.23|), we find 


(^a{k) Oicr{k+l) T ^ j{aT) _ j(g) _j_ 


h 


rW 


^a{k) ^a(k-\-l) 

Then we have 


^tj{k) ^tj{k-\-l) 




(5.4) 


n 


. l^a<b^£ 

= tAh. 


p^ gq—gj— 

pj-gq-L+ftN — Oib — K) 


P 


- + 


h 




cr{k) 0!a-{k+l) 




'T^k+lj'^ki 


... + 


h 


oik — «fc+l 


) from (5.2) 


= T 

rr 


•Ufe ~ ctfc+i + h 


— ttfc+l 

C^a(k) Ola-(k+l) T At 


from (pD 

Tar • 


(5.5) 


Hence we have (|5.2|) for ar G Si. 

By substituting (|3.33|) with (|5.2|) , we get 


£j[P] = i-pTri) ^ J daaj <Pi{aa}\{/3j}) 

X y](sgna)T^(^Ar/^jM)(ai,---,«^)- 

o-£Se 




(5.6) 
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Here we used 


^,x — h.^—x + h. , , m, 

r(-)r( -)(a; — h)sh—(x — h) = —pm 

p p p 


(5.7) 


and note that the function (p{{aa}) is canceled out. In this way we hnd a simplihed represen¬ 
tation ( ^.61) of the integral (P.14|) . 

Now let us prove that the formula (^.61 ) gives really an integral formula for solutions of the 
sljq qKZ equation at level zero. First we set 


{sgna)T^{gMjHj){ai, • • •, a^) 

cr£Se 

= Skew(^^j({a4|{/3j})i7j({aJ)), (5.8) 


where Skew is the skew-symmetrization with respect to cxi, • • •, Note that wj is a rational 
function of cxi, • • •, with at most simple poles at points /3i, • • •, /3n from Remark (|4.5|) . 

Next we consider the part of Pi in (|5.6| ). Let us dehne the space of “deformed cycles” as 
follows. Let Cn be the space of p-periodic entire functions of Pi, - ■ ■, Pn- We denote by 

27Ti 27ri 

the space of polynomials in e p \ , e p ^ of order less than or equal to n in each vartiable 

27ri ^ 

e p “ with the coefficients in C„. Then we set 







-,PeV^ 


We call the elements of deformed cycles. 
For a deformed cycle W G P®^, we set 


(5.9) 


Fj[W] := (n ')'({“<.}|{A})ttv({a.}|{ft.})lV({e"?"“}|{ft}) (5.10) 

where the contour C* is a deformation of the real axis (—C) 0 , cx)) such that the poles at Pj + 
h — are above C and the poles at Pj P pZ^o are below C. Note that, unlike the integral 
(|3.14j) , the integrand in (|5.10|) does not have poles at the points ± h ± pZ^oi (« 7^ b) 

because the function ip{{aa}) was canceled out. 

The function Fj[hF] gives the simplified integral formula of solutions to the sIn qKZ 
equation as follows. First we have that 


Lemma 5.1 The integral (\5. 1 (\ ) converges for any deformed cycle W. 

Proof. From the Stirling formula, we have 

p{a\Pi, ■ ■ ■, Pn) = + o{l)), as a —>• ±cx). (5-11) 

Note that nh/p = m. 
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Recall Remark ( |4.5|) . By using ( ^.llp , we see that there exist two constants C and M > 0 
such that 


0({aa})wj({aa})tR({e"""“}) ^ C JJ IcTal ^ for Ittal > M (a = 1,(5.12) 
This completes the proof. □ 


a=l 


Theorem 5.2 For W G set 




(5.13) 


Then xfjw is a solution of the qKZ equation satisfying the highest weight condition. 
Remark. In the case of iV = 2 we have Hj = 1 for all J. Then (|5.13|) is the integral formula 


constructed in [NPT 


From the definition (|5.10| ), we have that V’SkewW = Hence the dimension of the 

space spanned by the solutions (|5.13|) is at most that of /\^ kFq, where /\^ kFq is the subspace of 
deformed cycles skew-symmetric with respect to ai, ■■■ ,a£. In the case of iV > 2 and m > 1, 
the dimension of /\^kFq is much less than that of the subspace of singlet vectors in (Vjv)®"' 
(This can be shown by a similar argument to Discussions in |[N 3|| ). Therefore the space of 
solutions given by the simplified integral formula is quite smaller than the space of singlet 
vectors. 

Proof. We abbreviate , ai\j3i, ■ ■ ■,/3n) to wj^^...^j^{/3i, • • •, /?„). In order to see 

that fjw is a solution, it suffices to prove (|3.23|) and (p.24|) for wj and as in the proof 



For two functions /i and /2 we write /i ~ /2 if /i — /2 is symmetric with respect to and 
cxa+i- We use the following abbreviation: 


• • • , tta, «a+l, •••,«£) — -Hj„,J„+i(«a, C^a+l)- 

The rhs of ( p.23|) for wj in ( |5.10| ) is the skew-symmetrization of 

1 1 aa+i-(3k-h 


Q(yCXai ^a+l) 


Pk Q^a+1 Pk+1 ®a-|-l 


■(tta Oq-i-I fl) 


(5.14) 


(5.15) 


X 


Pk /3fc+l 

f^k ~ Pk+1 + ^ 


+ tta+l) + 


I3k — Pk+1 + ^ 


^Ja+lJai^CL, tta+l) f , 
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where Q(aa,aa+i) is a certain symmetric function with respect to aa and CTa+i- From (^4.2|) , 
we have 


(5.15) = Q{aa,OLa+\) 


Q^a+l /3fc h 


/3fc CTa+l /^fc+1 Q?a+1 /^fc 


(Oa K) 


X 


+ 


/3fc — Pk+l 


;Ja+l «a+l) 


i3k — /dfc+1 + h 

h f Ola ®a+l ^ TT ( \ ^ TT ( \ 

F!J,,J„+i(aa+l, Oa) - ---- tij^ j^^\aa.,OLa+\) 


X 


Pk Pk+1 “1“ h y Ola 

Q{o!a, Ola+l) H j^J^^^^Ola, Ola+l) 

1 1 Qfa+i - f3k-h 


(Ofl 0(j+i h) ■ 


*^a+l 

Pk — Pk+l 


Ola Pk ®a+l Pk+1 C^a+1 Pk Pk Pk+1 ^ 

C^a+1 “1“ h 1 1 Ola Pk ^ 


Q^a+1 Q?a Q?a+1 Pk /^fc+l Cla Pk 

h 1 1 aa+i - Pk-fi 


■(®a+l h) 

(o^a ®a+l h) 




Pk — Pk+1 + h 
h 


Ola 0!a+l Ola Pk 0!a+l Pk+1 Q?a+1 Pk Pk Pk+1 “1“ ^ 

= Q{,OlaTOla+pHj^j^^Poia^Ola+l) 

{aa - aa+1 - h) {{aa - Pk+i){aa+i - Pk) - h(aa+i - Pk+l) + fP} 


X 


{ola Pk){oia Pk+l){^a+l Pk){^a+1 Pk+l) 

On the other hand, the Ihs of (|3.23|) is the skew-symmetrization of 


(5.16) 


Q{oiai *^a+l)Hj^j^^ j^{aa+l^ aa) 

1 1 Ola+1 Pk+1 


X 


{aa 0!a+l h), 


Ola Pk+1 Ola+1 Pk ®a+l Pk+1 

where Q{aa, oia+i) is the same function as Q{aa, aa+i) in ( p.l5| ). From ([4.2|) , we have 

1 1 aa+i-pk+i-h 


(5.17) 


(5.17) = Q{aa,aa+i) 


Ola Pk+1 Ola+1 Pk Q^a+l Pk+1 


'{ola aa+1 fp 


X 


tta — Ola+1 + h h 

77“a) - ^ ^ ^Ja,Ja+l{aa, Ola+l) 


X 


aa - aa+1 Ola “ Ola+1 

Q{aa, aa+l)Hj^ j^^_^{aa, aa+l) 

1 1 aa- Pk+1 - h 


Ola+1 Pk+1 Ola Pk Ola Pk+1 
1_1 ag+i - Pk +1 - h 

Ola Pk+1 Ola+l Pk Ola+1 Pk+1 


{oia +1 Ola fp 


Ola — Ola+1 + h 


(Oq aa +1 fp 


h 


= (i]iD- 


(5.18) 


Hence (|3.23|) holds. 


Let us prove the highest weight condition. In the same way as (|3.25|) , it suffices to prove 


that 


E f./!, ■.j;+wil‘r| = o, (A.= l,...,Af-l), 


(5.19) 


a = l 
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where (• • •, 4) G 

First consider the case of /c > 1. From the highest weight condition for ■0, we can see that 




(5.20) 


a=l 

j'=fc-i 


Hence (|5.19|) holds in the case of /c > 1. 

Now we consider the case of /c = 1. 

Lemma 5.3 For J' = (J(, • ■ •, J'j^) G the following equality holds: 

n 


a.=l 

J'a=0 


X 


(5.21) 


TT(ai - a„ - K)H{ai) - TT ^ 

di H “i-ft 


n(ai - a. + (M - l)K)H(a, + Mfi) 1), 


Here we used the following abbreviation: 

H{ai) = tt2, • • •, oii)- 


(5.22) 


This lemma is proved in Section |0 . 

From (|5.21|) , we can get (|5.19|) for fc = 1 by the same calculation as (p.31|) . □ 


6 Modification of the integral formula 

6.1 One-time integration 

Recall that n = Nm. Let {a;,i,...,,„(/5i, • • ■,/?n)}(€i,-, 6 „)G 2 :(^_i)„,..., 2 „,^ be the set of vectors in 
(V/v)®'^™' uniquely dehned by the following conditions: 

and 

■ (N - ' 1 (^n) 

mm ^ 

= t?o ® ® ® ^1 ® ® ® ® ® ® vn -1 . (6.2) 

mm m 

Here Pjj+i is the permutation operator acting on the tensor product of j-th and {j + l)-th 
components. 

For J G ^(Ar-l)m,-, 2 m,m, We Set 

Ki := AT/ \ AC+i =: {kii, • • •, klm). < '' ' < k^ (6.3) 
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Note that {1, • • •, n} = 

We define rational fnnctions and wj by 






a- f3a I3a- f3k-h 

kGK^ji 

k^a 


p>r 


a — (3j 


^ N—\ m 


Wj{{aa}\{pj}) := Skew ( JJ ‘’^\aj+(s-i)m\{Pj}) ) , 

, s=l j=l 


(6.5) 


where Skew is the skew-symmetrization with respect to ai, ■ ■ ■ ,ai. Note that £ = {N — l)m. 

Proposition 6.1 

^ Wjvj (6.6) 


J £Z(jv_ 


(N — - ■■ ,2m,m 


= (-1) ^ 


N-1 

n 


Je2(jv-l)m,...,2m.m ^ a,bl=K:f 

a<6 


(A - - K){(3a - Pb- h) 

(^a - Pb 


n 


f3a- I3b-h 

Pa- Pb 


0<r<s<iV-l 


This proposition is proved in Section 
By using Proposition |6.1| , we rewrite pw in terms of wj and uj. Then we can carry out 
the integration once as follows. 


Recall the definition of p (|3.15|) : 


n Y' ( 

.)>(a|/3i,.",(3„) := JJ ” 


R r(^) 


(6.7) 


For a function /(a), we define a function Df by 

P{a + p) 


{Df){a) := f{a) - f{a+p)- 


p{a) 


/(«) -/(«+p)n 


a — Pj — h 


Lt a-Pi 


( 6 . 8 ) 


Set 


4“’(o) := n 


(6.9) 




Proposition 6.2 


(D4">)(a 


N-1 


= ^2. 

r=l keRJ 




mx-pi-rh) n 




Pk Pj 


( 6 . 10 ) 
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This proposition is proved in Section ^ 
From Proposition |6.2|, we have 


h 




n 






l,m 


X Skew 

Take the deformed cycle of the following form: 

f> , 27ri - . 

Pa(e-““) 


W^({e^““}) = n 


a=im=i(l-e 




e 


Let us consider the following integral: 


( 6 . 11 ) 


( 6 . 12 ) 


fj / <ia„) ‘t>{{a^}\{Pj})mj({aa})W{{e^"‘“}) 


JC 


\a=l 


(6.13) 


Using (|6.11|), we can carry out the integration once in (|6.13|) by using the following formula: 


da(j){a) {DL^j^){a) 


Paie p 


'c 


'c JC+p 


n"=,(l - e 

da(i){a)L^f^ {a 




Pa{e p 






= P-(P---P+-), (6.14) 


where 


:= lim 


Pa(e^“) 


q;—> dioo T~J^ 


rr^ 


The formula (|6.14|) can be obtained from (|5.11|) . 

Especially, if Pj^°° = 0, (l^a^£ — 1), then we have 


(6.13) = p”^(P,-°" - P+°°) 


h 


TT 

- k) -Pj-h 




n-i 


l,m 

T^-l 


X [Yl daa \ 0({aa}l^a^£-l|{/3j})-— 


n:=i Pa{e 


27vi ^ 
p 


JC 


ya=l 


X Skew ■ ■ ■ pj j . 




(6.15) 


(6.16) 
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6.2 Smirnov’s formula 


From ( 6.161) , we can get the integral formnla for solntions of the qKZ eqnation constrncted by 
Smirnov as follows. 

For a rational fnnction /(a), let [/(«)]+ G C [a] be its polynomial part: 


/(«) = [/(«)]+ +o(l), as a^oc. 

Denote by the difference operator dehned by Ttif{a) := /(a) — /(a + H). 
Set 

j&RJ 


(6.17) 


(6.18) 


and 


N-l 


Q^j\a) := ^ + rh)Tn 


r=0 


n;d + (r - l)fi) n:r4i Lf(a + rh) 

(a + rh)^ 


JV-l .(^), 


(6.19) 


for fc = 1, • ■ ■, Here we note that £ = (A^ — l)m and hence = 0. 
Proposition 6.3 For a G iF/, (r > 0), the following equality holds: 


h 


-1 


D n(« - Pj -Nh))- + Nhf-^Q 


J ' 


a) 


J = 1 


V 


k=l 


( 6 . 20 ) 


n (/3a - /3, - h) n (/3a - /3, - /I) n (/^^ - («) 


/ 

(a). 


3 ex 


J 
t 

t<r 

N—1 —1 


jexJ 


j€K.^ 


E E n 

U=1 hGK’^ , 


Pb - Pj - h 

Pb - Pj 


jitb 


u—1 


^ n ^p^~ Pi - 
*=0 


n.ex/ (/3a - Pj - /I) n.ex/ (/3a “ /3j) 

t<r+s t>r+s ^ (ft) 


iPb- Pa-{U-S- l)h){(3b - (5a-{u- S)h) 




This proposition is proved in Section 8.2 


From the same calculation as ( |6.14| ), it is easy to see that, if P = P(e p “) satisfies 

P{e 


lim 

CK^ioo Tl^ 


27r'i ^ 
P 






= 0 , 


( 6 . 21 ) 


then we have 


'c 


da0(a|{/3,})p(n(a - f3, - Nh)) 


J = 1 


= 0 . 


n;Li(i-e- 


( 6 . 22 ) 
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From Proposition 
(6 e iP/, s > r) to fi'j 


I we see that, for a G iP/, (r > 0), by adding the linear sum of /ij^’s 
as in the rhs of (|6.20|) , we get the Ihs of ( |6.20| ). Moreover, the hrst 


(a) 


term in the Ihs of (|6.20|) vanishes after the integral over C from ( p.22|) . Therefore, in ( |6.16| ), 
we can replace 


Skew ynj (ar-i)j 


by 


det[if3a + Nh)^-^] 


(fc)/ 


(6.23) 


(6.24) 


multiplied by a certain rational function of /3i, - ■ ■, /3n determined from ( |6.2(J|) . 

Finally we get the following formula for solutions: 

Theorem 6.4 Suppose that W is a deformed cycle of the form / |h. with = 0, (1 ^ 
a ^ — 1). Then 


= (_l)fm(m+l)W^p-oo_p+oo^ 


(6.25) 


X 


E 




n 


1 


—l)m, • • • ,2m,m 

0^r<s^N-l 

n-i ^ 


(da - (dh 


X [Yl daa\ <p{{aa}\{(dj}) det[Qf 


n e-i 

a=l Pa{e ^ 


JC 


va=l 


ntlm=i(i-e 




Corollary 6.5 Suppose that W is a deformed cycle satisfying the assumption in Theorem 
[^ . If it also holds that = 0, then fjw = 0. 


Remark. The formula (|6.25|) is nothing but the integral formula constructed by Smirnov pi 


Note that indices for basis of the vector representation in ||S1|| are reverse to that of Viv, that 
is equal to v^-j- Let Ak{a\B^^'> \ ■ ■ ■ be the polynomial dehned in 


IS 


Cj m 


31 


SI 


page 


185. Then 


Q 


(fc) 

j 




— Ap-i, 


e-k \ a — m 


TTl - 


{(dj - 2vrz - 


J 

AT-l 


TTZ 


{/?,-27^^--},.,;,J.(6.26) 


7 Form factors of SU{N) invariant Thirring model 

7.1 Axioms for form factors 

In the following we assume that 

2777 

h=—p = Nh=—2m. (7.1) 
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(7.2) 


Consider the /-th fundamental representation of SU{N): 

1 /W ~ aVjv. 

This space is realized as the subspace of spanned by the following vectors 

:= 5^(sgncr)r;,^(^) ® ® (0 ^ Ci < • • • < q ^ - 1). (7.3) 

a£Si 

In the following we denote by this subspace. 

Fix a positive integer m and assume that n = Nm. As mentioned in Introduction we 
consider form factors of type 

G (f/F))®(n-fc) ^ . ( 7 . 4 ) 

In the following we abbreviate to for fc = 2, ■ • •, A^ — 1. 

The form factor associated with n rank-1 particles fmiPi, ■ ■ ■, Pn) ■= , Pn) 

takes values in (I/d))®’^- and satishes the following conditions: 

^j,j+^^j,j+iiPj ~ Pj+l)fm{' ' ' I Pji Pj+li ' ' — fm{' • • , Pj+ly Pjy ' ' ')) ('^• 5 ) 

( _1) 7T. 

Pn-l,n ■ ■ ■ Pl,2fm{Pl " P 2 , ' ' ' , Pn) = e-^^^fUP2, ' ' ' , Pn-1, A), (7-6) 

where S{P) is the S'-matrix defined by 

S{P) := So{P)R{P), SoiP) := ^ - (^•7) 

^ 1 N 2 mP \ 2 ni) 

The function has a simple pole at the point Pn = Pn-i — ^ with the following residue: 

27liTeSf}„=^^_^_fifm{Pl, ■■■,Pn) = (^Pl, ' ' ' , Pn-2, Pn-1 “ ^ • (7.8) 

where is the form factor associated with (n — 2) rank-1 particles and one rank-2 particle, 
that is, a vector in ® C (I/^^^)®”. Generally, for 2 ^ ^ A^ — 2, the form 

factor 


/W(/3i, ■ ■ ■ ,(3„_t+i) 6 0 l/W 


(7.9) 


has a simple pole at the point Pn-k+i = Pn-k — with the residue 

27rzres/(^)(A,---,/3n-fc+i) 

= (a, • ■ ■, A-fc-l, A-fc - e (l/(b)®(n-fc-l) ^ V^(A:+ 1 )_ (710) 


In the case of A; = A^ — 1 , the residue at A-Af-1-2 = A-w+i — yh. = A-w+i + is given by 


27rires/(^ ^)(A, • • •, A-iv+ 2 ) 

= {le JV + iv G '^)’^* 5 '„_Ar+i,n-v(A-V+l — A-v) ■ ■ ■ ~ A) j 

^ Zm —1 (A) ’ ' ’ 5 Af) 1 ] 5 ( 7 T 1 ) 


where Zm-i 
N) = {m — 


{P11 ■ ■ ■ 1 Pn-N) — A’■•‘'(A.'--,) 3 „ - at ) is the form factor associated with {n — 
1 )A^ rank -1 particles satisfying (| 7 . 5 |) and (fT 6 |) . 
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7.2 Recurrence relations for deformed cycles 

Define a function C(/3) by 

f/o) r2(-i/3 + 22^ir)r2(!;3 + 2i^ir) r Mi i 1 

-’ n(x) = r2(x|2.,2x). 

Here r 2 (a;|a;i,a; 2 ) is the double gamma function satisfying 

1^2(2; + cni |a;i, a; 2 ) 1 


(7.12) 


where 


r2(a;|a;i,a;2) ri(x|a;2)’ 


ri(x|a;) := Tf- 


(7.13) 




(7.14) 


We refer the reader to ||JM|| for other properties of the double gamma function. From the 
definiton of C(/3)) we can see that 


C(^ - 27ri) = C(-/?) and = S'o(^). 


m 


(7.15) 


For P e we set 




(7.16) 


Here 4/p is the solution (|5.13|) of the qKZ equation given by 


4'p:=V’w, where fF({e“"“}) := 


nLin;=i(i-e-(—^^■)) 


e 


(7.17) 


It is easy to see the following proposition from (|3.23|) and (|3.24|) for Fj[W]. 


Proposition 7.1 If P is symmetric with respect to then fp satisfies ( |7. dj ) and 

Ml- 


Suppose that the form factor G (l/F))®"- jg parametrized by Pm G as ( |7.16|) : 
fm = fPm- Similarly, suppose that fm-i = fp^_i for Pm-i G Nqw we give a 

sufficient condition for Pm and Pm-i to satisfy ([f.8|) , ( [f.lOj ) and ( |7.11| ) for certain functions 
f{k) g yik)^ (fc = 2, • ■ ■ , iV - 1). 

For two polynomials Pi and P 2 of e“"b ''') we write 


Pi ~ P 2 if Skew (Pi - P 2 ) = 0, 
where Skew is the skew-symmetrization with respect to Oi, • ■ •, 


(7.18) 
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suppose that there exists a set of 


Proposition 7.2 For Pm e Vf and P^-i e 
polynomials of e “““’s 

and (7.19) 

P^^\a^, ■ • •, a,_fc+i| A, • • •, (dn-k\(dn-k+i) e {k = 1, ■ ■ ■, N - 1) (7.20) 

satisfying the following conditions: 

= Pmiau • • •, «£|A, • • •, A), (7.21) 


p(fc)| 


i-k 


0n — k + l — 0n — k o ^ 


JJ(1 - (A: = 1, • • •, iV - 2), 


(7.22) 


a=l 


p(fc+i) = p(fc)(^^^... ^ ... ^ A-fc-il A-fc + \h), (fc = 1, ■ • •, iv - 2), 

(7.23) 


£-Af+l 


p(7V-l) 


p(7V-l) 


gn-N+2=0n-N+l — ^ti 


na 


3 (eta Pn—N+l) 


')(l-e 


— (“a—/3„_Ar+l — 


^))p{^-i), (7.24) 


a=l 


Ole-N+2—Pn-N+l—S{N—l)h 

= dme~~ ^ • ■ •,a£_Ar+i|A, ■ • ■ ,l3n-N), 

where 5 = 0,1 and dm is a constant defined by (\7.8^ ). 

Then there exists a set of functions 


(7.25) 


(i = 2,...,iV-l) (7.26) 

satisfying \7.^ ), \7. 1 (\ ) and l \7.11\ ). 

In the rest of this subsection, we prove this proposition. 

Recall that £ = {N — l)m. We denote by the additive group freely generated by the 

elements (ei, • • •, e^) e AA^- 2 )m,-, 2 m,m- We set 

(^1, • ■ ■ ! Q-a, [Q-o+Ij ■ ■ • 5 Q-A Q-b+l5 ■ ■ • 5 Q) 

• ^ ^ (^S^*^)(*71) ■ ■ ■ ) Q—a; ^£—a+a{l)j ' ' ' i ^£—a+a{a—b)j ' ' ' i ^ 1' (7.27) 


(J^Sa — b 


Set 


G^ei,---,e£(*^l; * * * : (*^1: * * * : (7.28) 

l^a<b^i 

Note that is a polynomial of Oi, • • •, from Remark ([4.5|) . For e G we define 

Ge by ( [7.23| ) and G^+e' := G^ + G^/. 

Here we note that the function wj defined in (|5.8|) is given by 


Wj = 


Skew(]^ 


-| Tria 1 Q ^ 

1 JJ' C^a — Pj — h 


\ Oa f^rUa 1 A 

1=1 \ “ 7 = 1 


^ Jl,---, j£ (®1) ' ' ' ) ) ) 


(7.29) 
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where {mi, ■ ■ ■, mi} 
recall that the set 


Mf, (mi < • ■ ■ < me) and (Ji, ■ ■ ■, Je) is dehned in (|3.34|) . Here we 


M( = {r; Jr^l) = {r; ^ 0 } 


(7.30) 


parametrizes the position of non-zero components in J = (Ji, • • •, J„), and the valnes on these 
componentes are determined from J = (Ji, ■ ■ ■, Je) by ( 3.341) . 

From (|4y^), ( ^^ and (|4^ ), we see that 


(■ • •, Ofc+i, ttfc, • • •) =-——, Ofc, Ofc+i, • • •) (7.31) 


— Qffc+i — h 

h 

Oik CTfc+l h 


(■ ■ ■ 5 Clfc) Clfc+lj ■ ■ ■)) 


• • •, Ole-i, ae — Nh) — (—1)^ ai, ■ ■ ■, ae-i), (7.32) 


N-2 


Gn... 




{ai,-■ ■ ,ae) = W (oa-afe-h). 


S=0 a<b 

(Ea = s = £i,) 


(7.33) 


Lemma 7.3 The following formulae hold: 



■ ■ ,a,a — h, ■ ■ ■ 


■, a, a — h, ■ ■ ■), 

(7.34) 


■ ■ ■ ,a,a — h,- ■ 

') ^■■■i[efe,efc+l]r-- (' 

■ ,a — h,a,- ■ ■), 

(7.35) 

Ge]^,...,e£_jv+i,0,l,'",iV—2(cTl) ‘ ; 

ai-N+i,P,P - h, • • • 

,f3-{N-2)h) 


e-N+1 

= (-l) 2 - II [aa 

- f3 - 

(cii, • • •, ae-N+i)- 

(7.36) 


a=l 


Proof. It is easy to see (|7.34|) and ( [f.35|) from (|7.31|) . 

Let us prove (|7.36|) . Note that both sides of (|7.36|) satisfy (|7.31|) as functions of ai, ■ • •, ae-N+i- 


Hence it sufficies to prove that (|7.36|) holds for 

(^ 1 , • ■ ■; Q-w+i) = ( 0 , • ■ •) 0 , • ■ • , N — 2, ■ ■ ■, N — 2y 


(7.37) 


m—1 


m—1 


In the case of = 2 this is trivial. In the case of = 3 we can prove this from ( |7.34|) and 
the following formula: 


Go, ■ • ■, 0,1, ■ ■ ■, l,o(cil, ■ • ■ , a2m) 


(7.38) 


m—1 m 

m—1 2m—2 

(_l)m 1 JJ" _ 2^^ JJ" _ a2m-l ~ h)Go, ...,0,1, •■■,l(cil; ‘ , Ct2m-2)- 

a=l a=m 


m — 1 m — 1 


This formula can be proved easily from (|7.32|) and ([7.33|) 
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In the case of iV >3, from ( [f.38| ), we have 


Go, , Oii) (7.39) 

m — 1 m 

( 1) (^a G^O, ■ ■ ■, 0,1, ■ ■ ■, 1 (*^1 7 ' * * 5 1: *^2m Cl2m+1: * ' ' 7 *^ 3 m) • 


{a<b,l^ea=^b) 


Repeating this calculation, we hnd 

Go, --,0,-",Ar-2,---,7V-2,V-2,Af-l, --,o(«l, ' ' ' , O^g) 

m—1 m—1 

N-2 

= n n {a.-ag.,-{N-l-s)h) 

5 = 0 “ 

(ea = s,a^£ — N+l) 


By setting ags 
□ 


X Go,.. - 2, ■■ •, AT - 2 ( 01 , • • • , Oi£-N+l)- 


(7.40) 


m—1 m — 1 


j3 — {N — 2 — s)h, (0 ^ s ^ iV — 2) and using ([7.34| ), we see ( [7.3ti| ) for ( |7.37|) . 


Now let us calculate residues of fp^ for satisfying the assumption of Proposition 
It is easy to see that, at each point of taking residues (fP^) , (17.101) and (|7.11|) , the coefficient 
part ~ Pf) is regular. Hence it suffices to consider residues of V'w- 

Set 


RESa;(F) := (27riTes 


I3n-k+l—f3n-k - 


k + 1 i^F 


' 0n — k ^/^Ti —feH“ 9 ^ 


for a function F = -F(/3i, • • •, (5n-k+i) and A: = 1, • • •, TV — 2. Then we have 

(A, ■ ■ • , Pr.-k) = RESfc/^'^) (A, ■ • • , /9n — fc+l) 


(7.41) 


(7.42) 


from ([7.10|) . 


Lemma 7.4 Let be a polynomial satisfying the assumption in Proposition \hi\ and Wm is 
the deformed cycle determined from Pm by ( [7.7'if ). Suppose that J G ^(v-i)m,..., 2 m,m satisfies 
Ja 7 ^ 0, {a = n — k, ■ ■ ■ ,n) for some k, {1 ^ k ^ N — 2). Then the following formula holds: 


RESfc o ... o RESi (FjflE™]) 


1 

IP. 


n—k—1 


k-1 


ft ff 


g|(/3„_fc-/3p+|A 


+ 2^ + i)r( 


i=i 

^e-k 


j=i 


t=o 


-27ri 


(7.43) 

Pn-k - Pj + (| 

2Tii ' 


X ( ff / daA P^'^\{a,}\{P,},^r.-k-l\Pn-k)wf\{aa}\{P,}j^n-k-l\Pn-k)W^^^^^ 


,a=l Jew 
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(7.44) 


In the formula above, the functions w^j'^ and are defined by 


^ — h / 71 — k — 1 "p / eta / 3 j p / eta 0 n — k (2”^^)^'^ 


—27ri 


LJ. 1 J.J. y^/«a-/3„-fc+f Tlx 

=1 V j=l I - 2 ni ) r(- ) 


W^j\{aa}\{fdj}j<^n-k-l\fdn-k) ■= SkeW ig'f\{aa}\{fdj}j^n-k-l\(dn-k 




9j {\_(^a\\{fdj\j^n—k—l\fdn—k) • 9Mf\{n—k+l,---,n}i,{^a}\fdlT'''-i(dn—k—li(dn—k 9 ^) 


^ ^_ 2 

^ • ■ ■ , ai-k, Pn-k + 2^’ l^n-k H ^- K ■ ■ ■ , Pn-k 


k-2 


h), 


p(fe+l)({e-a.}) 


riali n”Ji (1 - e-(““-/ 3 i))(l - 


|y(fc+l)({g-a,}) _ 


The contour is a deformation of the real axis {—oo, oo) such that the poles at 

k 

Pj + h + 27riZ^o, (1 ^ j ^ n - fc - 1), Pn-k + (^ + + 27riZ^o 

are above and the poles at 

Pj - 27riZ^o, {I ^ j ^ n - k - 1), Pn-k - - 27rzZ^o 


(7.46) 


(7.47) 


(7.48) 


are below The constant Ur is defined by 


, := 'e-=^«r(-^)r(Tlp-) n r( 


1 x„.iV — r 


r—1 


N — 7 — 1 ? 

.-V - - —)r(—). 

N' " N ^AJ. ^ jv ^ 

7=1 


(7.49) 


Remark. Note that, under the assumption in Proposition |^, the residue (|7.43|) is skew- 
symmetric with respect to Jn-ki''' iJn from the definition of . 


Proof. Let us calculate RESiFj[iym]- It can be shown that the point Pn = Pn-i — h is a simple 
pole of Pj[fP] for any W G in the same way as the proof of Proposition 3 in |NT 


the calculation of the residue, we can replace Pn 
Then we consider the integral 


by P’m|/ 3 „=/ 3 n-i-Tl na=l(I 


_ p (t^a Pn — '\ 


Hence, in 

))p(i). 



p{{aa})wj{{aa]) 


ntl(i 


_ g~(Qa~/3n 


i))P(i)({e-““}) 


n;..i n"=i(i - 


(7.50) 


The singularity of this integral at Pn —*■ Pn-i — h comes from the pinch of the contour C by 
the poles of the integrand at = Pn-i and aa = Pn + h. Note that the integrand of ([7.50|) is 
regular at = Pn-i, (1 ^ a ^ — 1 ). Hence only the contour for ai may be pinched. The 

singularity at Pn = Pn-i — h comes from the residue at ae = Pn-i- 




















Let us rewrite the integrand of (|7.50|) as follows. First we have 


= n { ~ + 1)) . (7.51) 


When we put = j3n-i in the rhs of (|7.51|) , the factor appears. The singularity 

of (|7.50|) at f3n = Pn-i — h. comes from this factor. 

Expand wj in (|7.50|) as follows: 


Wj = 




(sgna) Yl 


a=l 


a, 


rria-l 

n 


a. 


(a) 


Pj — h 


r{a) Pma 


a. 


cr(a) 


/3. 


^j{{^o-(a) })) 


(7.52) 


where M/ =: {mi, • • • ,me}, mi < ■ ■ ■ < me. It is easy to see that the pinch of the contour 
for ai occurs only when cT(f' — 1) = i or a{i) = i. For such terms, we deform the contour by 
taking the residue at ae = Pn-i, that is. 


<c 


{*)dae = (regular term) + (-27ri)res«^=/3^_j (*). 


(7.53) 


Because the function ( [f.51| ) is regular at ae = Pn-ii h suffices to calculate the residue of the 
rational function ( [f.52|) . 

Consider the case of — 1) = i. Then the residue of (|7.52| ) at ae = Pn-i is given by 


n—1 


Pn—1 Pj ^ 




e -2 


X 




rria-l 

n 


^r(a) Pj ^ 


n—1 

n 


(7.54) 


Q?7-(£_1) Pj fi 


T&Se-i 


=1 /^"la Oir(a) Pj j OiT{£-l) Pn OCr{l—l) Pj 


^ J (^t(I) 7***7 ^t(£—2) 7 Pn—1 7 ^r(^—1)) • 


Here we set t := a ■ {i — 1, i) E Se- Similarly, we find that the residue in the case of a{i) = i 
is given by 


J-J Pn-l — ^ ^ ,77 

11 fl _ « (sgn<^)ll 


rria-l 

n 


^a{a) Pj 


-h 


j = l Pn-l Pj o-£Si-i a=l P'^ci Oia{a) Pj j Pn Pn-1 

X G j(q^(t( 1 ) ; * * * 7 ^a{£—2) i ^a{£—l) 7 Pn—lP (7.55) 


Then the limit as Pn Pn-i — ^ of the sum of (|7.54| ) and ( [7.55|) is given by 


n—1 


(-1)11 


Pn—l Pj h. 
Pn—1 Pj 


X 


(7.56) 
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X 


1-2 


(sgna)JJ 


rria-l 

n 


^a{a) Pj fl 


aes«_i a=i j=l 

1 TT C^(7(£-1) ~ l^n-l ~ ^ 

C£a(e-1) — Pn-1 a(7(£-l) — f^n-1 


X 


C£a{£—1) Pn—1 ^( Q \ 

^ 1 J (^*^(t{1) ; * " " 7 ^a(£—2) j Pn—1 7 ^<7{£—l) ) 


Qia-(i—l) Pn—1 “ 1 “ ^ 


+ Gj(q;o-(i), • ■ ■ , ao-(£-2), tt(T(£-l), /3n-l)^ • 


Using (|7.31|) , we have 


(^a(£—l) Pn—1 ^ 


^ei,---,e^ (^cr(l) 7 * " " 7 ^(t(^— 2)7 Pn—1: ^a{£—l)^ 


Oia{£-l) — Pn-1 + ^ 

~t~ ^€l,---,e£ (^cr{l) 7***7 ^(t(^—2) 7 ^cr(£—1) 7 f^n—x) 
1) Pn—1 


CXa{£-l) — Pn-1 + ^ 


’ * * * 7 Q^(t(£— 2)7 CI(t(£— 1)7 (^n—l)- ('^•57) 


From this calculation, it is easy to get the formula (|7.43|) in the case of A; = 1. 

We can prove (|7.43| ) in the case of fc > 1 by a similar calculation. Then we use the following 
formula 


at-k - (3 - h 


l^ei,'--,e£_fe,[e£_fe_l_l,-",e£] 17 * * * 7 fc—17/37 fc7^ 7 *** 7 /^ 1)^) 


a(,-k - f3 + kh 

+ (ai7 * * * 7 ar-fc-i7 «£-A77 P, P - K ■ ■ ■, P - {k - 1)^) (7.58) 


k 

1 a£_A: - P 


(^17 * * * 7 ^£—k —17 ^£—k^ P •! P ^7***7/^ i.k 1) h). 


k ae^k — P + kh 

instead of (|7.57|). This formula can be proved from (|7.31|) and ([7.34|). □ 


Lemma 7.5 Let be a polynomial satisfying the assumption in Proposition [7.^ . Suppose 
that J G ^(Ar-i)m,---, 2 m,m Satisfies Ja 7 ^ 0, (a = n — k + 1, ■ ■ ■ ,n) and Jn-k = 0 for some 
k, (0 ^ k ^ N — 2). Fix s such that l^s^N — k — 2. Then 

RESfc+, o ... o RESi {Fj[Wm]) = 0 (7.59) 


if Ja = 0 for some a, {n — k — s^a^n — k — 1). 

If Ja 0, {a = n — k — s,---,n — k — 1), the following formula holds: 


RESfc+, o ... o RESi {Fj[W^]) 

k-\-s n—k—s 

i=i i=i 

/c+s —1 


(- 1 )^ 

k\ 




X 


n r( 


Pn-k-s - Pj + {t - ^)h pn-k-s - Pj + - t)n 


t=0 


-2'Ki 


+ i)r(- 


2'Ki 


X 
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X 


^ i—k—s 

n 

a=l • 


! C(.k+s) 




Xwf^^^\{aa}m}^^n-k-s-l\Pn-k-s)W^^+^+^^ 


(7.60) 


Here and are given by (\7-44 ) OP-jOj , respectively. The function w^j’^ ^ is 

defined by 


(7.61) 


w^j’^ \{aa}\{fij}j^n-k'-i\/3n-k') ■= Skew (^gf'^\{aa}\{/3j}j^n-k'-l\Pn-k') 

9j {{oia}\{l3j}j^n-k'-l\fin-k') ■= 9Mf\{n-k', fin-k'-l) 

k' k' — 2 

^ • • • 5 C^e-k', fin-k' + -^h, • • • , fin-k' -^- h). 

Remark. As in Lemma |7.4| , we see that the residue (|7.60|) is skew-symmetric with respect to 
Jn—k—si ' ' ' 1 Jn- 

Proof. Let us consider the case Jn-k-i 7^ 0 and calculate the residue for s = 1. From Lemma 
it sufficies to calculate the residue at fin-k+i = fin-k — of fhe following integral: 


a-k+i 

n 

a=l ' 




(kla I 7* '’({aa}|{/3i}i<n-l|/3o-l,+l) 


As in the proof of Lemma |7.4| , we can replace by 

na=l(f ~ e-i°‘o.-9n-k)'jpik) 

(nj=f(l - e-("“-^d)(l - e-io^a-gr.-k+i+^h)'^ 


(7.62) 


(7.63) 


Then the calculation of the residue is quite similar to that in the proof of Lemma |7.4| . The 
singularity of the integral at fin-k+i = Pn-k — comes from the pinch of the contour by 
the poles of the integrand at = Pn-k and = Pn-k+i + Since (|7.63|) is regular at 

tta = Pn-k, {I ^ a ^ i — k), only the contour for ae-k+i may be pinched. 

Expand in (|7.62|) as follows: 


w 


l-k / .. rua-v n f-' 

(^- 1 ) = y (sgna) TT -^- TT 


(7.64) 


X 


*^cr(£—fc+1) Pn—k-\-l “1“ 2 ^ 


n—k 

n 

t=i 


^cr(a) Pj h 


OL, 


r(a) Pi 


k-\ 


X • • • , Ocrp-fc+l), An-fc+1 H- 7) -■ ■ ■ ,Pn-k+l 


k — 3 


h). 


It is easy to see that the pinch of the contour for a^^k+i occurs only when — k + 1) = 
i — k + 1. By calculating the residue of ( [7.64| ) at ai^k+i = Pn-k and taking the limit as 
Pn-k+i Pn-k - we get (|7.6q) for s = 1. 
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Repeating this calculation, we find (|7.60|) for s > 1. Note that, if Jq = 0 for some 
a, {n — k — s ^ a ^ n — k — 1), the pinch of the contour does not occur in the limit 
f3a+i ^ (5a — and hence (|7.59|) holds. □ 

Now we set 

■ • • ,/9n-fc+i) := RESfc O ... O RESi/p^. (7.65) 

From Remarks in Lemma |7.4| and Lemma we see that 

Corollary 7.6 

• • •, (in-k+i) e (8, (fc = 2, • • •, iV - 1). (7.66) 

Let us calculate the residue of at (5n-N+2 = (5n-N+i — yh. From ( [f.34|) and (|7.36|) , 

we see that the point (5n-N+2 = (5n-N+i — is a simple pole of in the same way as 

the proof of Proposition 3 in ||1N 'f |] . Hence it sufficies to calculate the residue of 


( e-N+2 „ 

n / 


daa] ‘^\{aa})w*j{{aa})W^^ ^i({e ““}), (7.67) 


where 


* = (77 — 2), if 7 ^ 0, (a = 0, • • •, iV — 2), 

* = {k, N — 2), if Jn-k = 0 and Jq 7 ^ 0, (1 ^ a ^ iV — 2, a 7 ^ fc). 


and 


; = 


- e-(““-/3d)(l - e-(““-7r.-iv+2+V^)) 


Consider the decomposition 


. , ^ ^ — p-{o!e-N+2-0n-N+2 + {^+S-l)fi)\ ^ 

+ tVi, M-'i := ^^-i-^ 


1 — 


Set 


^ := -00 + ^5{(5i, ■ ■ ■ , (5n-N+l\(5n-N+2) ■= '^Fj\Ws\vj. 


(7.68) 


(7.69) 

(7.70) 


First let us calculate the residue of 'ipo- The result is the following. 
Lemma 7.7 The residue of'ipo is given by 


27rires 


'l3n-N+2—l3n-N^^ 


-N+2—Pn-N-\-l — — ‘ 
(N-l)(N-2) 

= (-1)^--^™(-27r^) 


l-N+l 




n-N 

-n 

i=i 


gR/3„,-^f-n-/3,■)p^ /^r^-A^+l f5j h ^ (5j. 


—27^1 27ri 

, (iV-l)(2n-N7) o 

X e 2 • ■ -^Pn-N) ® V[o,i,..,N-l] 


(7.71) 
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Here ^p^_j is the solution of the qKZ equation dehned by 

P({e“"“}) 


■= whoie W„,-i: = 




(7.72) 


Proof. The singularity of Pj[hFo] at the point l3n-N+2 = l^n-N+i — comes from the 
pinch of the contour C by poles at = Pn-N+i — {N — l)h, (3n-N+i, Pn-N+i + ^ and aa = 
/9„_Ar+2 —(y —1)^,/9n-Af+2 +yh,/3„_Ar+2 + (Y + l)^! respectively. On the other hand we can see 

that the integrand is regular at = (3n-N+i — {N — l)h, jSn-N+iT f^n-N+i + K (1 ^ 

a ^ t — N + 1), hence only the contour for a£_^r +2 may be pinched. Moreover, the integrand is 
regular at ai-N +2 = /5n-v+2 ~ (y “ 1)^) (^n-N +2 + (y + l)h. Therefore the contour for ai_M +2 
may be pinched only by the poles at Pn-N+i and l3n-N+2 + y^- order to avoid this pinch, 
we deform the contour C by taking the residue at a£_ 7 v +2 = Pn-N+i in the same way as the 


proof of Lemma 7.4. 


Then, after the similar calculation to that in the proof of Lemma [f.4|, we get the following 
integral: 


27riresFJ[Ho] = (a certain function of /?!, ■ • •, Pn-N+i) 

n-N+i „ \ i-N+i 


X 


n 

a=l 


dan 


'c 


0({Q:a} I 


X ^^({aa}|{/ 3 j}j^n-iv|/ 3 n- 7 V+l) 

By using (|7.34|) and ( [7.36|) , we get ( [7.71| ). □ 




(7.73) 


Next we write down the formula for the residue of ijji 
Lemma 7.8 The residue o/'0i is given by 

27iiYeSn, _n N Pibi 

Pn-iV+2—Pn-iV+1 — 

= (_l) (^-n(^-^) ^(_2^^)£-jv+i 

n-N 


xH 

i=i 


^2iPn-N+l—Pj — {^ — 




/d-n—N+l fdj 


Nh ^ -{N - l)h. 


—2ni 27ii 

X Rn-N+l,n-N{l3n-N+l — Pn-N) ' ' ' Rn-N+l,l{(dn-N+l — Pi) 


(7.74) 


Proof. Note that V’l satishes 

”01 (' ' ' 5 Pi+i 1 Pii ' ' ’ \Pn—N+p Pi,i+lPj,i+l ^Pi Pi+l)Pl P ' ' i Pii Pi+1 1 ' ' ' \Pn—N+2)- ('^•'^5) 

Hence we have 

PliPl, • ■ ■ 5 /^n-Af+l|0n-Af+2) = Rn-N+l,n-N{.Pn-N+l — Pu-n) ' ' ' -Rn-7V+l,l(0n-Af+l “ Pi) 

X Pn-N+l,n-N ' ' ' P2,l'01 (0n-Af+l, 01, ' ' ' , 0n-V |0n-Af+2) • (7.76) 
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The second line of the rhs above is given by 


Pn-N+l,n-N ' ' ' -^2,1 V’l (/^n-Af+l, A) ' ' ' ) Pn-N\Pn-N+2) 






Pi-, • • ■ , j3n-N\Pn-N+2)Vj^ 


(7.77) 


M 


Now set P'r,_N+i ■= /3n-iv+i+27ri and consider the singnlarlity of 
at (3n-N+2 = P'n-N +1 + Same way as the proof of Lemma [77^ , this singularity comes 

from the pinch of the contour, and we see that only the contour for a£_Ar +2 may be pinched. 
Now we rewrite the integrand in terms of /?i, • • ■, P'n-N+i 

and l3n-N+2 by using 


, Pn-N, Pn-N+l) = 0(a|A, ' ' ' , Pn-N, P'n-N+l) 


a - P'n-N+l - Nh 

Oi-p'^_N+i - {N + i)h' 


(7.78) 


Then the integrand (f)^^ is given by 


£-Af+2 

a=l 


ag - P'n-N+l - 
Oig - Pn_N+l -{N + l)h 


X {sgiaa)g*j{{a^^a)}\Pn-N+l + NKPl,---,Pn-N\Pn-N+ 2 )- (7.79) 

crG5£_jV+2 


In the case of Jn-N +2 > 0, we also change the integration variable a^(i) —>■ ao-(i) — 27ri and set 
r := (T ■ (1, 2, • • •, £ — iV + 2) G S'£_ 7 v+ 2 - Then we get the following integral: 




(7.80) 


X (-l)'-"+'(sgnT) n 

rGSg_jv+2 


^—V^+1 nf AT k ti—N q ^ 

®T(a) Pn—N+l tv ft -1 r Q:t-(£_7V+2) Hj ft 


a. 


g=l 

Ni 


a. 


X 


-(r-V+2) — Pn-N^2 ~ 
«Tft-Af+2) — Pn-N+2 + (y — l)h 


-(a) - Ph-N+l - +1)^ n ar(e-N+2) - Pj 

~9j{{^T{g)}\Pn—N+l T Nfi, Pi, • ■ ■ Pn-N\Pn—N+2) 


We see that the contour for a^-N +2 may be pinched by poles at ai-N +2 = Pn-N+i + ^ 
a(,-N +2 = Pn-N +2 ~ (y ~ 1)^- This pmch occurs only when a{(. — iV + 2) = (. — N + 2 in 
(|7.79|) , and T{i — At + 1) = i — N + 2 or T{i — N +2) = i — N + 2 in (|7.80|) . Hence it suffices 
to calculate the residue at a£_Ar +2 = Pn-N +2 — (y — 1)^ for such terms. In this calculation, 
we use the following formula 

a — P 

a- p + • • •) P-{N - l)h, P - h, ■ ■ ■, P - {N - 2)h, a) 

+ {N - l)^,,• • •, ae-N, a, p - h, ■ ■ ■, p - {N - l)h) (7.81) 

a-;3 + (iV- l)h 


a — P 


"i-7ei, ",eg_jv,[Q—jv+i>'"i^£—ii^^] 1 ^i—N, tT, P fl, • • • , P (At 1)^-) 


instead of (|7.58|) . This formula can be obtained from (|7.31|) , (|7.34|) and ( [f.35|) . 
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After this calculation, we get the following integral: 


fl-N+l \ i-N+l 

/ dcXa I 0 ({Q:a} I iv) 

V a=l dc j 


_, /3n—7V+1 


(7.82) 


X ^^({aa}|{/3j}j^n-Ar|/5n-iV+l “ K) 


P^i({e-““}) 




From (|7.34|) and ( [f.36| ), we get (|7.74|) . □ 

Note that 

n-N Yf l^n-N+i-fij—Nh I 1 \ p/ /3Ti-iv+i-/3j —(A''-l)yt \ n-N 

"" - = n Sa(Pn-N+i - ft). (7.83) 


n 

i=i 


r( 


0n — N-\-l Pj ^ 


— 27Ti 


+ i)r( 


f^n — N+1 


27Ti 




i=i 


Therefore we get 
27rAes 


to _ o N 

Pn-N+2—Pn-N+l — -2'^^ 


= (-l) 


n-N 


®m,A7—if ^VTZj 

Pn—N+l fdj h. 


X ^g2 ('^’^-TV+l 

J = 1 


+ i)r( 


Pn—N-\-l Pj 


—271% 271% 

X dj;e 2 /3n-iv+i 

{l + e iV + AT ("■ — Pu-n) ■ ■ ■ Sn-N+l,l{Pn-N+l — Pi) 

X '^Pm-iiPir ■ ■, Pu-n) ^V[o,i^...^N-i]- (7.84) 

At last we write down the formula for res/^'^“^\ Note that, for any regular function 
F{Pi, ■■■ ,Pn), we have 

27 rireSfl iv^ o RES7V-2 o • • • o R-ESi(F'0w) 

/5n-iV+2—Pn-iV+1 —^ r V'V' / 

= -E(/?i, ■ ■ • , Pn-N, Pn-N+1, Pn-N+1 — K' ' ' , Pn-N+1 — {N — l)h) 

X o RES^_2 o • ■ ■ o RESPpw)- 


(7.85) 


By using 


N-l N-2 r 

nc(/3+»)=nRii 

k=0 s=0 [_ 


-iP+^^7r ,P + w7r. 
-ji ] 


-1 


271 


2tt 


(jv-l)(iv+l) 
= (27r) a7 


N-2 


j-j- ^ + {N - s - l)h ^ 


s=0 


-2'Ki 


(7.86) 


we get 

27rAes 


\ n _ o iV fc 

Pn - A/’+2 —Pn - N’d-1 —-Q-^ 
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N-1 N-l 

s=l A:=l 

X (j + + • • ■ Sn-N+l,lif3n-N+l - Pi)) 

X fPm-iiPir ■ ■ ^ Pu-n) ® V[o^i^...^N-i]- (7.87) 

Hence, if dm is given by 


dm 




N-l N-l 

X JJ C{sh)^~^ JJ am,k, 
s=l k=l 


(7.88) 


then ([7.11|) holds. This completes the proof of Proposition 


7.3 Deformed cycles associated with energy momentum tensor 

Hereafter we use the following notation: 

Ha := e“““, Bj ■= e~^\ and ui := = e~^. (7.89) 

The n rank-1 particle form factor of the energy momentum tensor was determined 
in ||S1||. In terms of our formula, it is given by 


ffiuiPl, ■ ■ ■ ,Pn) — Cofp^^iPl, ■ ■ ■ ,Pn), 
where Co is a constant independent of n, fi, u, and is given by 


F^.(Hi, ■■■,Ae)-.= Cm[j2 BJ" - (-1)'^ E 

\j=i j=i 

^ \ 

X I (-!)■'+ ' g (H AX^iAl\ w(A2, ■■■,A,)\ 

a=l ) 


Note that n = Nm and ^ = {N — l)m. Here 


iV(iV-l)(iV-2) 


Cm. • — ^ 


Yldjp M;(H2,---,Hd := 

j=i 


“+[^] 


a=2 


where [ ■ ] is Gauss’ symbol. 

In this subsection, we prove that satisfies (|7.8|) , ( [f.lOj ) and (|7.11|) . 
First we consider the case of m > 1. Fix m such that m > 1, and set 


(N-1)(N-2) m(m-l) 

2 '^UJ 2 


p ■= Cm(-l) 

P+ :=CmW+(Hi,---,Hd, 


Y[Aa)'^w (Hi\---,H/), and 


a=l 


(7.90) 


(7.91) 


(7.92) 


(7.93) 

(7.94) 
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where 


N-l 


W 


± 


{Ai, ■■■,Ae):= JJ (1 - uj^ B^^^Ai)w{A2, ■■■,Ai). 


(7.95) 


j=0 


From Corollary U, we have /^+({a4) = fv,{{A,}) and f{Yi,A^rw-({AA}) = /(H. 
Hence we have 


If,. = /p;,. C := ( 5^ B-' - (-1)" Bi ) ((-l)-p- + P+) . (7.96) 

0=1 i=i 


Proposition 7.9 Set Pm ■= P^ and 


Pm-l := Cm-lW{A 2 , ' ' ' , for Pm = P^, 

Pm-l ■■= Cm-l{-l) 2 (^^>00 

£-N+l 

xiH Aar-^w{A^\---,Aj\^,), for Pm = P- 

a=l 


(7.97) 


(7.98) 


Then Pm and Pm-i satisfy the assumption in Proposition \7.3i for certain polynomials and 
P^^\ = -1). 


Note that 


N-l 

Bn-N+l, 

j=o 


= 0 . 


(7.99) 


Therefore Proposition implies that fp^^ satishes (|7.8|) , (|7.10|) and ( [7.11| ) for m > 1. 
In the proof of Proposition 7_A, we use the following lemmas: 

Lemma 7.10 Set 


Pk{Ai, • • •, A]sf\B) 

j=0 


j(j-i) 

= y uj 2 


N-j-l N-l 

B-’ n n 

a=l a=N—j 


for k = 0, ■ ■ ■, N — 2. Here is defined by 


fcl _ (1-a;-^)(l-a;-(*^-i)) • • •(!-a;-(^-^+^)) 
lj\ (l-a;P)(l-o^-(Pi))...(l-a;-i) ’ 

that is, the q-binomial coefficient with q = a;“h Then 

Skew (Pfels^c^s) = Skew ^ JJ(1 - B~^Aa)Pk+^ , 


(7.100) 


(7.101) 


(7.102) 


where Skew is the skew-symmetrization with respect to Ai, ■■■, A^. 
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We can prove this lemma easily by using 


'k 

_ 

'k 

-1' 

+ UJ ^ 

1 

■ 1 
1-^ 

_1 

J . 


J 

-1 


L 3 J 


(7.103) 


It is also easy to see that the following lemma holds: 

Lemma 7.11 Suppose that 

ciB “^uj + C 2 B ^(1 + uj) + C 3 = 0 

for three constants Ci,C 2 and C 3 . Then 

Skew (ci/l 2^3 d* C 2 A 2 -^\ d~ *^ 3 ^ 11 ^ 12 ^ 13 ) 

= Skew ((1 - B-^Ai){l - u}B-^A^){ciA 2 Al + CsTl^Tl^)) , 

where Skew is the skew-symmetrization with respect to ^ 1,^42 and A 3 . 


(7.104) 


(7.105) 


From Lemma [f.ll| we hnd the following formula: 

Lemma 7.12 

Skew (P 7 v- 2 (^i, • • •, An\uB)) 

/N-l 

= Skew B-^A ,){1 - u;B-^Aa)Po{A,, ■ • •, 7l^|P) 


(7.106) 


. a=l 


Proof. The Ihs is given by 


-Pv-2(^l, • • • , 

j=0 


N-2 

j(j+i) 
= y oj 2 


N-2 

j 


N-j-l N-l 

B-’ n n ( 7 - 107 ) 

a=l a=N—j 


It is easy to see that 
'N-2 

. j 


a; + a; 


-(j+i) 


N-2 

J + 1 


(1 + a;) + 


N-2 
J + 2 


= 0 , 


(7.108) 


for j = 0, • ■ ■, iV — 4. Hence, from Lemma |7.11| , we get 
-Pv-2(^l, • • • , A^lujB) 


(7.109) 


N-2 


N-l 


J] (1 - B-^Aa){l - uiB-^A,) l[Al(l + u-^ 


a=l 


a=l 


N-2 




Here we write / 

Q if Skew(/-(?) = 0. 

Note that 


1 + a; 


-1 


N-2 

1 


B — (1 — B ^Hjv_ 3)(1 — ojB ^H 7 v_ 3 ) — u)B (7.110) 
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Therefore (|7. 106|) holds. □ 


Set 


N-k-l 


j=o 

ior k = 0, ■■■, N — 2. Then we can also see that 

Skew {PI.\b^ujb) = Skew (1 - B~^Aa)Pk+^ ^ and 
Skew {P'^_ 2 iAi, • • •, An\uB)) 

/N-l 

= Skew 1[{1 - B-^Aa){l - u;B-^A,)Po{ 1,A2, - ■ ■ ,Ar,\B) ) . 


, a=l 


Proof of Proposition IZ3 

First let us prove for P^ = P^- Note that 

P+ = CmPo{Ai,--■, An-1,1) 


m—2 

( {s+l){N-l) \ 

£ 

><n 

Aa\ Po{As(^N-1)+1, ■ 

■ ■ ,A^s+1){N-1)A) JJ 

S=1 

{a=s{N-l)+l 1 

a=e-N+2 


We set 

n—k-\-l+j 

:= Cm n • • • , An-1, l\Bn-k) 

j=0 

sN 


2 / (s+l)(A''— 1 ) 


e-k +1 


X 


I -^a j 7^A:(^s(Af-l)+l) ■ ■ ■ ) ^(s+l)(V—1); l|7?n—fc) -^a 

s=l \ a=s(Af— 1)+1 


a=e-N+2 


ioT k = 1, ■■■, N — 2, and 


N-3 


:= n {^^Br,-N+i)^-^^"^^Po{Ai, • • •, 1) 

j=0 

sN 


1-2 / {s+l){N-l) 


X 


n I n ) Bo{As(N-i)+ir ■ ■ ^ ^{s+l){N-l)A)A'e-N+2■ 

s=l \a=s(Af-l)+l 


We define from P^^'> by (|7.23|) . Then we can check that P^^^ and p(™), (^k = 1, 
satisfy the assumption in Proposition 7_^ by using Lemma 7.101 , Lemma |7.12| and 

PkiAi, ■ ■ ■, An\B) = AiPk{l, A 2 , ■ ■ ■, An\B) = Pk{Ai, ■ ■ ■, An-1, 


(7.111) 

(7.112) 

(7.113) 

(7.114) 

(7.115) 

-i-l+a 

(7.116) 

(7.117) 
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We can prove the case of Pm = P in a similar way by using 

Skew 

/N-l 

= Skew H i-BA-^) (1 - B-^A,) ■ P, 


k+l , 


, a=l 


and 


Skew {PN- 2 {Ai\ ■ ■ •, 


(7.118) 


(7.119) 


''N-l 


Skew n - B-^Aa){l - uB-^Aa) ■ Po{A^\ • • ■, 


, a=l 


instead of (|7.102|) and ( |7.106| ), respectively. □ 

At last we show that satishes ([7.81), ([7.1UD and ([7.Ill) in the case of m = 1. In this 
case, we set 

:= P^(Ai, • • ■, AAr_fc, a;i?Ar_fc, • ■ ■, o;^ ^Fv-fc, l|7?Ar_fc) (7.120) 

for fc = 1, • ■ ■, — 2. Then the assumption in Proposition is satished for Pi = P^ except 

(|7.24j) and (17.251) . Similarly, we can see that the assumption except ( [7.24| ) and (|7.25|) holds 
for Pi = P~ . Hence in the same way as the proofs of Lemma |7.4| and Lemma |7.5| we can 
calculate the residue 


where 


RES7V-2 o ■ ■ ■ o RESi/pi, 





i=i 


(7.121) 


(7.122) 


Then we see that the residue of ( [7.121|) at /d 2 = A + equals zero because of (|7.99|) . 
Therefore, the form factor satishes (|7.8|), (|7.1CI| ) and ([7.11|) for all m > 0. 


8 Supplements and proofs 


8.1 Properties of Smirnov’s basis 


First we extend the dehnition of 00 ^^^... 
(ei, ■ • •, e„) e we set 




(/3i, • • •,/3„) in Section ^T| as follows. 


For e = 


Ue := ® ® Ve„. 


( 8 . 1 ) 


Dehne a partial order in ... p 

r r 

(ei, • • ■, e„) ^ (e'l, ■ ■ •, e'J if and only if e' for all r. 

i=l i=l 


( 8 . 2 ) 
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We define two elements and e™™ of by 


^N-\ 


UI—U 2 n—ui 


:= (0, • • •, 0,1, • • ■, 1, • • ■, iV-l,...,iV-lj. 


n-z/i z/i-z/2 


^N-l 


We define • • •, by the conditions and uj, 

Then we see that 


(8.3) 


(8.4) 


min . — . 


UJ. 


• • • ,/3n) = n + (lower term). 

a<b 

(ea>€5) 


(8.5) 


Lemma 8.1 For (ei, • • •, e^) G the following formula holds: 


Ek^tl,- -,en — ^ ^ 


Oa = k) 


Pb- Pa - h 

Pb - Pa 


■CO, 


ei 


.......-i,.....n. (k=l,---N -1). 


( 8 . 6 ) 


Proof. The proof in the case of iV = 2 is given in [^]. Here let ns prove the case of iV >2. 

Note that the action of commntes with that of Ri^i+i for all i. Hence we see that both 
sides satisfy (El- Moreover, it can be checked that ( p.6|) holds for (ei, • • •, e^) = e™™ by nsing 


in the case of iV = 2. Therefore, (|8.6|) holds for all (ei, • • •, e„). □ 

In the rest of this snbsection, we nse the following simple lemma. 
Lemma 8.2 Suppose that a {Vn)®'^- valued function 
E{xi,- ■ ■ ,Xn) = ^ 

satisfies 

F(- • •, Xj, • • ■) (xj Xj_|_i)F(- ■ ■, Xj, Xj_|_i, • • •). 

and = 0 for some (ei, • • •, e„). Then E = 0. 


(8.7) 


( 8 . 8 ) 


By nsing we can get another formnla for the special solntion at level one (|4.19|) , 

and prove the highest weight condition as follows. 


Proposition 8.3 


• • •, aPjVe:, ® • • • 0 

(ei —2)m, - ■■ ,2m,m 

^ ^ ■ ■ ■) c^e) 1 


( 61 i---. 6 £)S 2 (jV- 2 )m,..., 2 m,m , “T ^ 
' < ’ ' ' (ea<ei,) 


Oia Oi}) 


(8.9) 


where i = {N — l)m. The function ( \8.t] ) satisfies the highest weight condition. 
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Proof. From (|4.2|) and (|6.1|) , it is easy to see that both sides satisfy 

Now we consider the coefficients of ngmax of both sides. From (|8.5|) , we can calculate the 
coefficient of the rhs easily, and see that it suffices to prove that 


hftinax — 


n 


1 


Q-a — ttfe + h 


( 8 . 10 ) 


/^max^^max\ 


First consider the case of iV = 3. Then we can calculate explicitly from (O) and (O), 

and get (|8.1CI|) . In the case of > 3, we have the following from (|8.1(]|) for N = 3: 




1 


n 


1 


CXa “ 1 “ ^ , O^a ^ 

a,o a,o 

(ea=0,ej, = l) (ea <et,,2m<h) 


( 8 . 11 ) 


Repeating this calculation, we get ( |8.1CI|) for N > 3. In this way we hnd (p.9| ) from Lemma 
Let us prove the highest weight condition for the rhs of (|8.9|). From (|8.1|), we have 


£^fc(the rhs of (8.9)) = a;, 


n 

a,b 


O^a ^b 


X 


E n 


1 T-r 1 


n 


a,- — oi„ 

a j J ^ 

(ea^k-l) ('1='') 


Oj — ttfi 

The second line above eqauls zero from the following lemma. □ 


n (8.12) 


Oj — Oa 


Lemma 8.4 For xi, ■ ■ ■, Xr+i and yi, ■ • •, Hr-i, the following equality holds: 

r+1 / ^ r—1 ^ \ r—1 


ER 

S = 1 


n 


n 


yt-Xs-h 


= 0 . 


yt I yt Xg 


This lemma is easy to prove by induction on r. 


(8.13) 


Proof of Proposition |h 

The case of = 2 is proved in |[NPT 


From (|3.23|) for wm and (|6.1| ), we see that both sides of (|6.6|) satisfy (^^) . Hence it suffices 
to check the coefficients of n^max of both sides are equal, that is 


W.max = (-1) ' 2 ^ 


7V-1 


r=l a<b 


iPb -Pa- h){j3a - /3b- h) 
Pa - Pb 


-TV^max. . 


(8.14) 


This equality can be proved by using ( p.l4|) with N = 2. □ 
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8.2 Proofs of equalities of rational functions 

Proof of Lemma I3.£l 

Here we set := (2 ^ m ^ i/i) and r 2 ,m ■= 0- ^ m ^ z/ 2 ). We set 

n i = 0 = r 2 ,o and = n + 1 = r 2 ,u 2 +i- 

Define functions /a, (1 ^ a ^ n) as follows. 

For Ti^t < a < Ti^t+i such that r 2 ^q < a < r 2 ^q+i, we set 


fa ■— ( — 1) 9Mfu{a}i^2,- ■ ■ ,Oit,ai,at+l,- ■ ■ ,a,yj^\{Pj}) 

/ r T I ^ 7k — Oil — h 

X 9Mi{{7m}\a2, - ■ ■ ,OiuP 11 


k=q+l 


7k - Oil 


(8.16) 


Note that Skew/„ = 

For a = Ti^t such that r 2 ,g < ri^t < ’" 2 , 9 + 1 , set 

9 Mf ioi 2 i ■ ■ ■ , Oin-^ I {A/} ) 9 m^ ({O^tTx} I Oi 2 , ■ ■ ■ , ) 

cii — (3j — h 


*^2 fc 

jj- 7k — Oil — n 


k=q+l 


7k - Oil 


X 


n 

j<ri,t 

t-1 


Cli — {5j 


/ 0^1 /3ri,t tx 

( q ?! — at — n) - - - [at — ai — n) 


cii — Pr 


1^1 


X 


]^(q ;6 - ai- h) (tti - ab- h). 


(8.16) 


b=2 


b=t+l 


Note that ^ is symmetric with respect to ai and at. 

For a = r 2 ,g = ri^t, we set 

fr2,q ■ ( 1) 9m/ ioi2y ■ ■ ■ , Qfj/j I {Pj}')9 mJ 1*^2, ‘ ‘ , CKi^i) 


X 


n 


7 k- Oil - h -p-r ai- Pj -h 


t-i 


n 


, 7k- Oil 

k=q+l 3<i'2,q 


ai — p. 


]^(Q!b - cii - h) (cii - at - h) 
b=2 6=1+1 


xUai-at- ^ - ai - h) } . 


7q - «1 


«! - A 


^2,1 


(8.17) 


Note that fr 2 ^^ is symmetric with respect to ai and at. 
It is easy to check that 


fa — 5'M/({®a}2^a^ivi|{Ai})5'M/({7m}l{'aa}2^a^i/l) 


a=l 




^2 


X 


]^(q;i - aa- h)W_ 


7m- Oil - h ^ ai - Pj - h 


ya=2 


i 7m-ai y ai-p. 


n 


(8.18) 


JJ(q!i -aa + h) 


a=2 


By skew-symetrizing both sides above, we have (p.28|) . □ 
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i). 


The proof is quite similar to that of Lemma . 

We set M/ = {m 2 , • ■ •, mi}, m 2 < ■ ■ ■ mi, mi = 0 , = n + 1 and := Jr-i, (2 ^ r ^ 

Define functions /„, (1 ^ a ^ n) as follows. 

For mr < a < mr+i, we set 


fa • ( 1) 9M^U{a} (®2 , ' ' ' , ^r, ^1, Q^r+l , ' ' ' , \ } ) 

X hr.,,-,.. (^2? ' * * 5 ^r, ^1 , C^r+1 , ' ' ' , • 


(8.19) 


Note that Skew/a = 
For a = mr, we set 


1—1 


fmr ■= (-1)’' ^^m/(«2, • • ■, aelif^j}) n ~ — zrir~ -ai-h) JJ {ai - ab - h) 


X 


ai — Pi 

j<mr b=2 

a. h)hr£2,--,.r—1,0,(Q^2; ' ' ' , Q^r—li Oil, eXr, ' ' ' , OLi) 


b=r+l 


( 8 . 20 ) 


/ fc^ /dm. ^ Tj ( 

H“ (y.\ Flj — -^e2,-",€.r,0,er-\-l,---,€.£\^2') " * * 5 ^V) ^r+l? " " * 7 

Prrir 

From (|4.2|) , it can be checked that fmr is symmetric with respect to ai and ay. 
We can see that 

n 

= 9Mj{{(^a}2^a^e\{Pj}) X 
i-1 

X |P[(ai - «a - ri)hro,.2,-,.£(«li «2, • • • , at) 


a=l 


a=2 


+ (-1)^ P[(«a - «l - h,) P[ 


«1 ~ Pj ~ ^ 


Hr...: 


.2,-',.£,0 


a =2 t=l 

By using ([4.3|) and skew-symmetrizing both sides above, we have (^.21|) . □ 


(a 2 ,---,a£, ai)|.( 8 . 21 ) 


Lemma 8.5 Let Ig, {s = 0, ■■■ ,r) be sets of indices such that = m for all s. Then the 
following equality holds: 


S=l j&ls t=S+lj^lt k&Is 


{x 


Ilji,ioiyk - Vj - sh) 
yk -h){x- yk) {yk 


^ Uji,iou.:Uiri^ - Vj - ^) 

nje/iu--u/.(^ ~ Vj) 


Ylix - yj - {r + l)h). 
iG/o 


Vj) 

( 8 . 22 ) 


This lemma can be proved by induction on r. 
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Note that both sides of ( |6.10| ) are rational functions of a with at most simple poles at 
points I3j, (j G Kr,r > 0), and have the same growth as a —>• oo. 

We can see that both sides have the same residue at points a = /3b, {h G K^,r > 0) from 


Lemma 8.5 with 


X = (3b, Is = Ks and i/j = (3j. 


(8.23) 


Moreover, it can be checked that both sides have the same value at points a = /?{, + h, (6 G 
Kq,q > 0) from Lemma ^.5| with 

x = (3b + h, Jo = K^, Is = K^q+s, (s > 0), r = iV - 1, 

y. = (3j + rh, {j G K^) and yj = (3j, {j G , s > q). (8.24) 


Hence (|6.10|) holds. 


□ 


Lemma 8.6 Let Is, (s = 0, ■ 
the following equality holds: 


, d) he sets of indices such that fflg = m for all s. For a G Iq, 


s=o jeis 


Vj- {d+1- s)h)- 


rijs/t (l/a yj hi) (l/a Uj) 

t<s - 


3^h 

t>s 


{d - s)h){x - ya - {d + 1 - s)) 


X 


n - Vj - n 


jSIo 


jeit 

t>o 


X 


n 


X 


Vj 


h 


Ua Va 


Vj 


hi 




n 

3&h 

t>0 


Vj 


h 


X 


Vj 


+ 


q=l k£lq jslq 


yk yj hi 1 


Vk - Vj 


n 


X — yj — h -p-i- X — yj — h 


x-Vk tt Vk - Uj - hi 




jeiq 


q-1 


X X] n “ yt 

s=o jeis 


rije-rt (j/a 

t<S 


n 

j€it 

t>q 

Vj - 


x-Vj 


hi) (ya 

t>S 


Vj) 


ivk -yj-{q-s- i)hi){yk - yj - (g - s)) 


.(8.25) 


Proof. Let us prove ( |8.25|) by induction on d. 

It is easy to see that ( p.25|) holds in the case of d = 0. 
Suppose that 


holds for 0,1, • • •, d — 1. First note that the the singularity of the Ihs 
is only the simple pole at x = ya- Hence both sides are rational functions of x with simple 
poles at points ya and yj, (j & Iu,u > 0), and have the same growth 0{x^~^) as x —>■ oo. It 
is easy to see that residues of both sides at x = ya are equal. We can check that both sides 
have the same residue also at a; = yj, (j E Iu,u > 0) from (|8.25|) with d = u — 1. Moreover, 
both sides have the same value at a; = yj + h, (j G Id). Therefore (|8.25|) holds also for d. □ 


Proof of Proposition \ 

Consider the following function f{a,y): 


N-l 

f(a,y) -^n;>(a + sft)T„“ 


s=0 


Uj\a) - Uj\y - 
a — y + sh 



(8.26) 
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where is the difference operator with respect to a, and 


s-l 


N-l 


Uj^\a) := Y\_Lf\a + (s - l)h) + sh). 

k=0 /c=s+l 

For a G iF/, we have 

n 

f{a,(5a + Nh) = D(l[{a-f3j-Nh) 


(8.27) 


j=i 

N-l 


(8.28) 


— h L j ^ {a + sh) 


oLo + iN- i)fi) mr;+. + m 


N-l j{k). 


(cr — /3a + (s — N)h)[o! — /3a + (s — + l)h) 

We find that the sum in the rhs of (p.28|) equals the rhs of (|6.20|) by using Lemma |8.6| with 
Is = Kr+sy d = N — r — 1, X = a and yj = j3j. (8.29) 

On the other hand, we have 


Ul{a)-U'f’{y-Sh) 


( 5 )/ 


{N—l)m 


k=l 


{a + shY 


.k-l 


a — y + sh 

Hence we get 

(V-l)m 

f{a,l3a + Nh)= Y, {l3a + Nhf-^Qf{a) 
This completes the proof. □ 


y 


(8.30) 


k=l 


(8.31) 
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